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ZmnSCID ÜII8T1ADT FLOW BY THE WTHOD OF CHARACTERISTICS 

toy 

Hurry Sauerweln, Jr. 

ABSTRACT 

The problem of the nunerlcel eolutlon by the method of 
eharecterlstlee of the two- and three-dimensional flow of an 
InTltcid nonequlllbrlua gat is formulated.    For unsteady flows 
the method is limited« for practical reaeona,  to the solution 
of hypersonic or other flows which have short transient times. 
The specific details of the finite difference network to be 
used and the associated finite difference equations are 
presented.    It was found that numerical instability was 
possible with certain previously proposed networks.    An 
existing stability criterion was found to apply to the multi- 
dimensional method of characteristics and this criterion was 
used to synthesize a stable finite difference network. 

High apeed digital coaputer programs are presented which 
perform the numerical calculation.    Because the operating 
speed and storage capacity of the larger and faster computers 
available today does not allow the solution of the most 
general problem in a reasonable length of time, it was 
necessary to limit the programmed calculation to the two- 
dimensional unsteady flow of a perfect gas.    Rather long 
programs which require large amounts of input data and produce 
even larger amounts of output data are the results of the 
programming effort. 

Four exanqple cases of the flow about a circular cylinder 
with its axis perpendicular to a Nach five free stream are 
presented.    The cylinder Is held steady« symmetrically and 
asymmetrically warped to an elliptic cross-section and 
oscillated in a direction normal to the free stream.    These 
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ofttet indicate that the solution of «ulti-diMenaional flowt 
by the method of oharaeterittioe is both practical and 
feaeible. With the eubstitution of higher order interpolation 
for the linear interpolation uaed in thif initial study, 
accurate and useful results for engineering problems can 
be obtained. 

The extension of the programed procedures to the most 
general problem which can be solved with the method of 
characteristics is discussed and the steps required to 
extend the procedure are indicated. 
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CHAPTER  1 

IMTRODÜCTION 

This study was Initiated with Che purpose of analysing 

inviscld hypersonic flow about three-dimensional bodies in 

unsteady notion*  In the course of this investigation, s tsore 

general method has been considered which applies to all Inviscld 

unsteady flows» not Just hypersonic flows* There are practical 

limitations on the application of the method, however* 

The study of hypersonic flow is mathematically nonlinear 

in most cases, perhaps by definition* A review of the litera- 

ture reveals that because of this nonllnearity, theoretical study 

is very difficult* Many approximations are usually made so that 

the mathematical problem becomes amenable to analytical methods* 

See, for example, the book by Hayes and Probstein * Many times 

it is very difficult to evaluate the effect of the approxima- 

tions on the results of the analysis after the approximate 

solution has been obtained* When unsteady hypersonic flow is 

considered, the problems are even more challenging* Here, by 

unsteady hypersonic flow, we mean truly unsteady flow where the 

"quasi-steady" approximation which simplifies certain unsteady 

hypersonic analysis Is not valid* Also, without exact solutions 

against which these approximate theories can be checked, the 

Superscripts refer to the reference numbers listed in the 

section entitled References. 



•rrort Introduced by thai «re very difficult, if not impossible 

to determine. Hence, e means of exactly calculating unsteady 

hypersonic flow is very desirable. 

The question which faces us then is, what is the best method 

for determining exact solutions to unsteady hypersonic flows? A 

method is sought to solve the general nonlinear equations which 

describe the flow of an inviscid noDequilibrium gas.  It is 

probably safe to assume that a general analytical solution can 

not be found because of the complicated nature of the equations. 

It must be concluded then, that the only hope lies in the direc- 

tion of a numerical solution. 
# 

The general, unsteady flow of a gas is governed by a set of 

hyperbolic, quasi-linear partial differential equations.  In 

general, there are two methods for numerically solving such 

systems of equations. One method replaces th derivatives in 

the original set of equations with finite differences, and 

seeks to solve numerically, this set of difference equations. 

This approach, we might call the finite difference method. A 

second procedure first writes the equations in characteristic 

form to somewhat simplify them and then utilizes finite dif- 

ferences to approximate the derivatives. The numerical solu- 

tion is obtained by integration in the characteristic surfaces, 

hence, this approach is referred to as the method of character- 

istics. A discussion and examples of these two basic approaches 

«re given in Chapters 15 «nd 16 of the book edited by Ralston 

and Wilf2. 



The finite difference methods might be further subdivided 

into standard methods and methods utilizing artificial vis- 

cosity. In the latter approach, an extra artificial viscosity 

term (or in some cases, the real viscosity term) is added to the 

equations such that free boundaries, e.g. shock waves, are auto- 

matlcally determined in the solution. This approach has been 

studied by von Neumann and Richtmfyer , Lax , and Lax and 

Vendroff among others. Thus, in general there are three basic 

numerical approaches which might be utilised in attacking the 

problem. Hartree has proposed a method which combines the 

standard finite difference approach with the method of charac- 

teristics mainly to obtain the solution on an evenly spaced 

grid while still taking advantage of the characteristics. Such 

hybrid approaches usually have some of the disadvantages of the 

original methods and quite often require more computations than 

the original methods, so that they are not considered here. 

The advantages and disadvantages of each of the three basic 

approaches are compared in the following table. Some of the 

properties given in the table were obtained from the books by 

Fox (Chapters 17, 18, 26, 27 and 28), Forsyth and Wasow (parts 
o in 

1 and 4), Richtmyer7 and Collatz  (Chapter IV, Part 5) while 

some of the estimates are the author's. 



CowMurlton of Pofglbl« Mgthodi of Solutiqft 

Standard Finite 
Dlffaranca Approach 

Finite Difference 
Approach with 
Artificial ViacotitY 

1. How are free bounderlee handled? 

specially treated 
at discontinuities 

Method of 
Characteristics 

automatically handled 
with artificial vis- 
cosity and by retaining 
conservative properties 
in the difference 
equations 

specially treated 
aa discontinuities 

2. How are fixed boundaries handled? 

specially treated specially treated, but 
some difficulty can 
arise because the arti- 
ficial viscosity in- 
creases the order of 
the equations and extra 
boundary conditions are 
available which are not 
easy to specify in some 
cases 

specially treated 

3. What fonulation of the equations is usually preferred? 

Eulerian or 
Lagrangian 

Lagrangian in some 
problems 

Eulerian, usually 
utilized 

yes 

4«    la a atability criterion required? 

yes yes, but it is 
usually simplified 
by knowledge of the 
location of the 
characteristic 
surfaces 

5« How many independent variables can be treated? 

three apace dimen- 
sions and time 

more suited to two 
independint variables, 
but can be generalised 

three space dimen- 
sions and time 



Standard Finit« 
DlffT«nct Approach 

Finite Difference 
Approach with 
Artificial Vlecoslty 

6. Ho« difficult It the machine progn 

slaplest coap Heated 
because boundaries 
■ust be treated 
specially 

Method of 
Characteristics 

ing task? 

most difficult 

7. Hov auch computing time Is required? 

about the same as 
finite difference 
with artificial 
viscosity 

about the same as 
standard finite 
difference approach 

potentially the 
quickest method 

8. How much machine storage is required? 

about the same as 
standard finite 
difference approach 

about the same as 
finite difference 
with artificial 
viscosity 

slightly more than 
the other two 
methods 

9. On what sort of grid is the solution obtained? 

evenly spaced evenly spaced characteristic 
grid, probably 
will require Inter- 
? elation of the 
inal result 

10. What is the accuracy of the results? 

Intermediate 
accuracy 

least accurate in that 
the free boundaries are 
not precisely located 
and errors can be intro- 
duced by not properly 
specifying the extra 
boundary conditions 
introduced by the 
artificial viscosity 

potentially the 
most accurate, 
also this method 
of solution most 
closely follows 
the physical model 



Froa the estimates and properties given in the above table, 

it it possible to draw sone conclusions about the utility of 

applying the methods to various types of problems. The first 

property listed in the table shows a basic difference between 

the approach utilizing artificial viscosity and the other two 

approaches. This is the major advantage of the artificial vis- 

cos ity method, but it is at the expense of points 2 and 10. 

Hence, if the problem to be solved involved a complicated inter- 

action of shock waves, for example, this might be the best method 

to utilise. However, if only simple shock wave configurations 

were to be considered, perhaps one of the other two methods 

might best be utilised. On points 1, 2, 3, and 3 the standard 

finite difference approach (SFDA) is similar to the method of 

characteristics (HOC), while on points 6, 8, and 9 the SFDA 

seems to have the advantage, and on points 4, 7, and 10 the MOC 

seems to be preferred. 

The approach to be adopted here must take into account the 

type of problems that are to be solved.  In this study, we are 

interested generally in determining the external hypersonic flow 

about bodies performing unsteady motions. At least initially, 

and in a majority of the problems to be considered, the bodies 

are simple enough that rather simple shock configurations are 

encountered. Hence, the approach utilizing artificial viscosity 

it not required. The choice between the SFDA and the MOC is not 

at simple« As has been indicated, the SFDA has advantages on 

three points and the MOC has three, while four can be considered 



equal. Thus, the Individual points must be considered to choose 

the better aethod of approach. The SFDA is favored by points 6, 

8, and 9, which mainly apply to the ease of writing the program 

and applying the method to a computing machine. The M0(, on the 

other hand, is favored by points 4, 7, and 10 which are advan- 

tages of the finished working method.  So, if ease of writing 

the program and initially applying the method is most important, 

it would appear that the SFDA is better, but if extra initial 

effort can be devoted to programming^a better working method 

would seem to result fron the HOC.  It is felt that, because 

once a machine program is written it can be used over and over 

to solve many problems, it is worth an extra initial effort to 

write a more accurate and quicker program. Hence, the MOC is 

adapted in this study.  Note that this choice is based on some 

rather crude estimates and the validity of these conclusions 

ultimately, can be judged only after working programs have been 

written and are compared. 

The MOC was first proposed by Nassau  in 1899 and is some- 

times referred to as the Method of Massau.  The method was adopted 

to solve hyperbolic problems in fluid mechanics, perhaps first 

12 
in 1929 by Prandtl and Busemann  .  The MOC was first used to 

solve two-dimensional irrotational supersonic steady flows and 

one-dimensional unsteady flows of a perfect gas. These calcula- 

tions could be made by hand and in part graphically. Necessarily, 

the first applications of the method had to be limited to sim- 

plified problems in two independent variables, because of the 



iapostiblllty of doing more ambitious problems with hand cal- 

culations. In Che 1940's and early 1950*8, when electronic 

digital computers first became available, the HOC was developed 

extensively for more general problems involving two independent 

variables. Ferrl13 and Heyer14'15 discuss this work and give 

an extensive list of references. The rotational flows of real 

gases became amenable to solution by the HOC when computers 

were used and in sane cases, were merely a matter of the routine 

application of general computer programs. In the late 1950*8 

and early 1960*8, computer development had increased the storage 

capacity and speed of operation of the machines to the point 

that more ambitious problems could be attempted with the HOC. 

Problems involving three independent variables and nonequilib- 

rlum thermodynamics are now.being attempted for the first time. 

These new advances in computer technology have made it possible 

to at least consider the most general types of problems which 

can be solved with the HOC. 

Briefly, the HOC is used to solve Cauchy problems for a set 

of quasi-linear, hyperbolic partial differential equations. Data 

are given on an initial surface* together with boundary con- 

ditions on the flow field, such as solid body surfaces and shock 

waves. The solution is then obtained on an adjacent surface by 

*    The terminology of a problem involving three independent 
variables is used hare to smphasise that problems of more 
than two independent variables can be handled while still 
avoiding the mere general, but perhaps confusing termin- 
ology of four independent variables, e.g. hypersurfaces. 



nuaerlcal solution of the equations written In characteristic 

for» with the partial derivatives replaced by finite dif- 

ferences. The solution on this new surface Is then taken as 

the Initial data andti^e process repeated to obtain the solution 

on the next adjacent surface. In this way, the solution Is 

obtained by marching In space or time until the desired solu- 

tion Is obtained or until the complete region specified by 

the Initial data has been determined. 

A review of the literature of the HOC for two Independent 

variables cannot be given here,as the volume of such litera- 

ture Is enormous. An attempt will be made here to list only 

the most recent work on the HOC which Involves problems which 

Include more than two Independent variables and those that con- 

sider nonequlllbrlum thermodynamics. 

The work on problems with more than two Independent varia- 

bles can be divided Into two groups. One group, theoretically 

studies the problems and formulates them, and In some cases even 

goes so far as to write the finite difference equations, while 

the second group Includes work which has gone on to actually 

do some numerical calculations on digital computers.  The for- 

mer group Is by far the larger of the two groups, while the 

latter has less than ten members to be sure. The reason for 

this, Is that much time end effort are required to carry a 

formulation through to a working computer program or to ac- 

complish the calculation by hand In simple cases.  Thus, many 

studies of the HOC have been terminated after formulating the 



prob lea.  Included in Che first group ere Che be sic works of 

Thomhill  end Cobum end Dolph • Seuer , Clippinger end 
19       20 

Giese  end Hole  heve elso «edc conCribuCions Co Che Cheery, 
21        22 

Cobum  end Sein!  heve used Censor enelysis Co fonuieCe 

e auch aore generel problem which has Che perciculer problem 
23 considered here es e speclei cese. Most recently, Powell 

24 end Seuer  heve published work in this eree. In Che second 

group of pepers, which did some ecCuel numcricel celculeclons, 

Che firsC few sCudies were done when computers were not reedily 

evelleble so CheC Chey involved simplified celculeCions which 

could be eccomplished by hend (by hend celculeCions, we elso 

—a with Che eid of desk celculeCors) • These iniciel celcule- 
25        26 tions include the work of Moeckel , Ferrer!  , end Bruhn end 

27 28 29 Heeck • Leter work by Butler  end Tsung  wes eccomplished 

using digitel computers. Results obteined with the letest 

generetion of computers heve Just begun to appear. Morretti 
30 et.el.  heve published some recent results. More end more 

ectuel celculetions ere being cerried out et the present time 

on more end more embitious problems beceuse of the increesed 

versetillty of digitel computers. 

The study of hypersonic flows must allow for the pos- 

sibility of high tempereture real-gas effects end nonequilibrium 

thermodynemics ceused by the high temperatures, end perheps low 

densities which cen be encountered in precticel flow fields. 

Recent work in this erees hes seen the incorporetion of reel- 

gee equilibrium thermorVramics in problems with two independent 

10 



variables in an almost routine manner.  Initial work has begun 

on including nonequlllbrlum thensodynamics In tvc independent 

31        J2 
variable problems.  The papers by Chu  and Broer ' discuss the 

formulation of the problem, while the papers by Sedney et.al.  '  , 

3S 36 
Capiaux and Washington , and Wood et.al.  also give some initial 

results of numerical calculations. To the author's knowledge, no 

work has been published on problems involving more than two in- 

dependent variables together with nonequilibrium thermodynamics. 

The object of this work, therefore, is to formulate the 

method of characteristics for general three-dimensional unsteady 

flow problems, allowing for the possibility of nonequilibrium 

thermodynamics.  It is also the purpose of this work to write and 

check a working computer program which applies the method to 

practical flow problems.  It may be impossible or impractical at 

this time to write a completely general program, but only those 

compromises and approximations which are absolutely necessary to 

the writing of a working program will be made.  In writing the 

program, it will always be borne in mind that, even though some 

compromises must be made, they will eventually be removed at a 

future time. In this way, the compromises and approximations 

can be introduced in such a way that they can be more easily 

removed later. 

11 



CHAPTER  2 

THE EQUATIONS FOR THE GEWERAL METHOD 

The quasi-linear, first-order partial differential equa- 

tions for the flow of an inviscid nonequilibriini gas are set 

forth in this chapter. A brief review of the theory of 

characteristics is presented in Appendix A. The theory is 

used in this chapter to derive the characteristic and con- 

pat ibility equations which are required for the method of 

characteristics• 

2.1 The Equations of Change 

The equations which govern the flow of a nonequilibrium 

gas are the conservation laws, together with the equation of 

state. In cartesian coordinates (x, y,  z,  t) they have the 

follaving fom. 

continuity 

it *«     ^     Tl (2.U) 

tun conservation in x-direction 

H       i*       AM        **    r dx (2.ib) 

12 



BonenCum conservation in y-dlrection 

it     6K     Ts* it   J-%~0 (2-lc) 

■oaentum conservation in z-dlrection 

it     <»<     kij     a*   j» a* <2-Id> 

energy conservation 

St     5K      ^       ^ 

7\dt      Si        ^ ^2 

(2.1e) 

continuity of nth species 

it        AX *i)        ds     -P {-2-lt) 

(n- 1,2 ^Nj 
state equation 

^ -   ^ ChfiCl, ....,CK) (2.1g) 

Where in general 

öt;»^(NP>Ci, >Cw)      (nxl^^.^N)   (2.ih) 

is a given function determined from the chemistry of the gas 

being considered.  The chemical source function, (Tn« is a com- 

plicated function of the chemical reactions and reaction rates 

39 
being considered    These are 2N + 6 equations in 2N -f 6 

13 



unknowns and thus font a complete set. 

It should be noted that the species continuity equation 

(2.If) which is soaetlmes called the rate equation is really 

■ore general than it night appear above. Vlbretionel reless- 

tlon and eleaent Ionisation are also described by equations 

with the ease for» as (2.If). These equations are obtained by 

utilising vibratiooal energy or electron concentration instead 

of the species aass fractions and by using the proper source 

function, a   • 

In order to eliminate the two algebraic equations (2,lg-h) 

they nust be substituted into equations (2.1e) and (2.If) re- 

spectively. (2.1e) then takes the for» 

where 

Dt dt        6t        6ji 61 
and it is understood that all other themodynaalc variables 

are held constant when the enthalpy, h, is partially dif- 

ferentiated with respect to any one thenodynaaic variable, a 

is the speed of sound in the gas with the aass fractions of the 

species held constant, or in other words, the frosen speed of 

sound. It is given by 

■■ - -mi ?) a  ■ 

14 



This is the eaaplcte stt of partial differential that is to be 

solved. 

2.2    The Characteristic Equation 

As indicated in Appendix A,  the characteristic equation is 

found by first  introducing a coordinate transformation to (P*, 

02» ^3»  ^4) coordinates.    It is also useful to introduce a new 

independent variable with the fons 

f • Ut (2.2) 

where U is an arbitrary constant velocity used to give t* the 

dimension of a space coordinate. This allows the time coordinate 

and the space coordinates to be treated similarly.  Choose the 

new coordinates such that 

ßj^ - constant (2.3) 

is a characteristic hypersurface*.  The characteristic equa- 

tions for the equations of change (2.1) is obtained by evalua- 

ting the determinant given in equation (A.5), Appendix A. The 

result is 

'u^ + v^ + ^^f^ 
(" 

- -m'. ('S zz O 

*  The hyper surface in this case is a three-dimensional 
manifold in a four-dimensional space. 
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from (2.4) it can be •••n that thart ara two tata of raal 

oharactarlttlc hyparaurfacat corratpOBdlng to 

(2.5) 

(2.6) 

aad 

Equation (2.5) la tha dot product of tha vactor t (a 

ganarallsad valoeity vactor) 

V«ud+vrjfurk+Ui (2.7) 

ahara tt  J, t$ t   ara tha unit vactort along tha z, y, zt  t' 

coordlnata axat ratpaetlvaly, with tha vactor 7 3^, 

P ö< ^ Ä4 ^ 

7 ßi   !• normal to tha charactarittic hyparaurfaca.    ^ is tangant 

to tha particla Una or world lina, ai  it ia callad in relativity, 

(aaa lafaranea 38, p.  5, aad p.   114).    Tharafora, hyptrturfacaa 
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made up of particle  lines are characteristic.     Note that the 

particle line is a  (N + 3)-fold    characteristic because the 

corresponding term in  (2.4)  is raised to the N + 3 power.    This 

property is used to great advantage in the method of character- 

istics. 

The second set of characteristic hypersurfaces is given by 

(2.6).    This is a quadratic hypersurface, and is a generalisation 

of the Mach conoid which appears in three-dimensional steady 

supersonic flow and two-dimensional unsteady flow (see Refer- 

ence 13, pp. 642-657)  and is generally referred to as the Mach 

hyperconoid.     If the equation of the Mach hyperconoid is written 

in the form 

ßl " *l  (lt» y'  ■'   t,) 

the differential equation which defines the hyperconoid is (2.6). 

Of course, this equation can not be solved in general for 3,, 

but at a particular point (x,, y., z., t'.) the hyperconoid is 

tangent to the local Mach hypercone and is just an envelope of 

sound waves emitted from the point.  The equation of the Mach 

hypercone is easily derived from the geometry of sound waves 

assuming a uniform steady flow with conditions the same every- 

where as at the point being considered, and is given by 
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The Mach hypercone can be used as a local approximation to Che 

Nach hyperconold. 

2.3 The CoBpatlblllty Equatlone 

The compatibility equations are obtained by forming a 

linear combination of the equations of change (2.1) and deter- 

mining the linear coefficients such that partial derivatives in 

a direction normal to the characteristic surface are eliminated. 

The equations for the linear coefficients and compatibility con- 

dition are derived in Appendix A and given by (A. 9) and (A. 10). 

There are two sets of compatibility equations, one for each type 

of characteristic hypersurface. Actually, there is only one 

equation corresponding to the Nach hyperconold, while there are 

N + 3 equations for the particle line.  See Reference 38, pp. 

106-107 for a discussion of th • number of compatibility equa- 

tions which correspond to a particular characteristic hyper- 

surface. 

The linear combination of the equations of change is given 

by (A. 7) and has tne form 

G'^4SV  k^,  **<     "0     (2-10) 

For the given equations of change, (2.1), the compatibility 

equation for the Nach hyperconold has the following terms: 

5is Alf^^A.^.^J (2.1U) 
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where 

ft-   hf & + /»i (V- 7/im) (2.11b) . 

%-   hf^+Ktf-Vß*) (2.Uc) 

^i^K)^'^) (2.Ud) 

*ur{*™ + *'lt/*4]](?'V*) (2.1«) 

^^/«^"^^^wi^^i;^ (212) dx     dj      d£      af (2*12) 

and 

also 

K- £* %ihen m -  1 

ft-. DK when 01-2 

\-- t* when m - 3 

% -- r* when « - 4 

t-t 
N 

h.t 
^c^n ^n (2.13) 

These equations correspond to rquatlons (A.8) in Appendix A. 

The linear coefficients, / . , are determined by setting C. 

equal to sero and solving the resulting set of equations. 
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This ellainates derivatives in a direction nonael to Che 

characteristic hypersurface. The result is 

>*/K*-!%/{*'**) i^/ i» - »rv (2.14b) 

(2.14c) 

(2.14d) 

K*Al*\lJ%   > fr-l,....,N) (2.14.) 

«hen equations  (2.11)  through (2.14) are substituted into (2.10), 

the folloving compatibility equation for the Mach hyperconoid 

results« 

(2.15) 
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where 

ß, - constant 

is the characteristic Mach hyperconold. Note Chat derivatives 

of j>  and o do not appear In the equation. 

As mentioned above, there are N + 3 compatibility equations 

for the particle line, but only N + 1 of these equations are 

needed for the method of characteristics. These could be ob- 

tained in a manner similar to the procedure Just used to obtain 

equation (2.13). However, because the equations sought do not 

have derivatives in a direction normal to the particle line and 

thus involve derivatives along the particle line only, it is 

simpler to use this property to choose them by inspection from 

the original partial differential equations. 

The substantial derivative 

Dt     ^x    öj^    6 k 6t' 

is the derivative of a dependent variable following a fluid 

particle, so if £ is taken as a coordinate along the particle Una 

in the (x, y, a, t') space, equations (2. If) can be written 

where 

= /ul
+v

1 4 ^ + y1 
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Theie arc R of Che caapatiblllty equations along Che parCicle 

line. One additional relation is needed. The energy equation, 

which can be written as (2«If) or as (2.11), meets this need. 

The energy equation can be written in a somewhat simpler form if 

the specific entropy is introduced. The entropy is a function 

of Che chermodynamic variables and Che mass free dons of species 

5 - s (hf > Cti ' • • • » CH) (2.17) 

so 

cj*h 
where Che subscripts indicate the variables held constant in 

Che parcial differentiations. Substituting for Dp/Dt in (2.11) 

and atilising another form of the expression for the frozen 

speed of sound 

a- ^ ir^rl (2.18s) 
1 - m 

Che following is obtained 

H 

ftö fill. vjyAfc\   i   {6c*w>c^ (2.18b) 

Subetituting for I>Cn/Dt from (2.If) and introducing the $    co- 

ordinace gives 

h ]    I/AH \ 117/.   .  . 
an ^1 S-5ml   +-ik^ 

WA«.       f 

(2.18c) 
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Equation (2.l8c) can also be written In terms of the chemical 

potential of the species, i/n, and the temperature, T, (see 

Reference 39,   equation (21) ). 

M 

PT^ = - Z(ft***) (a.l8d) 

Equations  (2.16) and  (2.l8c) are the required compatibility 

relations for the particle line. 

2.4    The Nonequlllbrlum Terms 

As was mentioned above In Section 2.1,  the chemical source 

function Is a complicated function of the exact chemical 

reactions being considered and their reaction rates.    The 

reaction rates. In turn,  can be a function of temperature. 

The thermodynamlc functions 

h ■ h   (P> f   »  Cj'   ••••*   CJJ) 

s « s  (p,   o   1  e^|  ....«  CJJ) 

can also be complicated functions of the mass fractions. 

Specific forms of these various functions are not considered 

here as they vary with the type of reactions being considered. 

The general forms of the reaction rates In certain simple 

cases can be obtained analytically, but In practice for most 

reactions, they must be determined experimentally. Because 

of this, many of the functional relationships are unknown, or 

at least uncertain at the present time. Therefore, only 

23 



general functional formt are uaed here. Ihlf In no way 

limits the results of the method of characteristics formu- 

lated here. When a specific case Is being considered. It 

Is merely a matter of substituting the proper functional 

relations In the appropriate equations In order to obtain 

the governing partial differential equations. Note that 

we are referring to the partial differential equations here 

The  solution of the equivalent finite difference equations 

Is by no means simple, as Is pointed out In Section 3*2 

of the next chapter. 
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CHAPTER 3 

THE ELEMEWTS OF THE INTEGRATIOH PROCEDURE 

In this chapter, Che pertlei dlfferentlel equations devel- 

oped In Chapter 2 ere written In finite difference form end the 

numerical procedures for solving the resulting equations are 

presented.  The process Involves choosing e finite difference 

network and then developing the finite difference equations 

which correspond to It. 

3.1 The Choice of the Metwork Configuration 

The method of characteristics for two Independent variables 

has been used extensively and Involves rather simple geometrical 

principles. In considering more than two Independent variables, 

the geometry of the characteristic hypersurfaces becomes more 

complicated and some fundamental changes have to be made to ex- 

tend the method to multi-variable problems. First, we shall 

consider the extensions required to go from two to three In- 

dependent variables after which the extensions to four variables 

can be more easily determined. 

Consider the geometry of the characteristic lines for two 

Independent variables as shown In Figure 1.  If the Inltlel 

data are given on the line P^ at points P^ and P2, there Is 

only one possible characteristic net available to determine 

point P~. This Is because only two characteristic lines pass 
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through each point and the only possible adjacent intersection 

on the right side on the initial data line is at point P^.  In- 

troducing the streamline or particle line, which is also a 

characteristic line, does not allow other network configuration 

either. Hence, in obtaining the solution by marching to the 

right from the initial data line Pj^ there is only one possible 

characteristic net which can be used. 

This is not the case in problems involving three independent 

variables. When the extra variable is added, an extra "degree 

of freedom" enters which allows a choice in the net configuration. 

This can best be seen by referring to Figure 2. One sheet of the 

Mach conoid (e.g. in the downstream or positive time direction) 

through a point P is depicted. This conoid is a special case of 

the second characteristic surface given by (2.6), but with one 

of the independent variables omitted. This Mach conoid is just 

the envelope of all the local infinitesimal Mach cones. As 

shown in Figure 3, the local Mach cones are tangent to the M^ch 

conoid at every point on its surface. A line on the Mach conoid 

which is everywhere tangent to the generators of the local Mach 

cones, is termed bicharacteristic and is shown in Figure 2. It 

is seen that there is a single parameter family of bicharacter- 

istics on the conoid surface. The parameter defining a bi- 

characteristic might be chosen as the angle 9     shown in Figure 
I 

2. 

Next, it is useful to introduce the concept of character- 

istic surfaces corresponding to a curve. Consider a specified 
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curve PQ shown in Figure 4 together with the conoids correspond- 

ing to each point on the curve.  The envelopes of the upper end 

lower portions of the conoids are the characteristic surfaces 

corresponding to the curve PQ.  Note that the lines of tangency 

of these surfaces with the conoids are the blcharacterlstlcs. 

Now, returning to Figure 2, consider the norval vector 

N which Is normal to the conoid surface at P and hence, Is 

noimal to the tangent to the blcharacterlstlc at P. ft Is also 

normal to one of two characteristic surfaces corresponding to a 

line through P and normal to N.  Thus for each normal vector and 

blcharacterlstlc, there Is at least one characteristic surface 

corresponding to a line through P. There Is at least a single 

parameter family of such surfaces through every point, P. 

Finite difference net configurations can be made up of these 

surfaces and because of the availability of an Infinite number 

of such surfaces through each point, there Is an additional 

"degree of freedom" In the choice of the net. 

It Is a simple extension to reason that when a fourth 

Independent variable Is Included, a second degree of freedom in 

the choice of the net configuration Is added.  This Is because, 

corresponding to the characteristic surfaces, characteristic 

hypersurfaces (three-dimensional manifolds In the four-space) 

could be obtained at each point, and a two parameter family of 

such hypersurfaces would be available. There would then be a 

double Infinity of hypersurfaces to choose from In making up a 

net configuration. 

i 
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With this understanding of Che generalisation of tha finite 

difference net to problems involving three and four independent 

variables, the choice of a specific net configuration can now be 

attes^ted. Again, consider the three independent variable case 

before trying the more complicated four variable problem. Various 

23 network configurations can be proposed. Powell  has reviewed 

several networks which have been proposed and in some cases, 

utilised by various people. Ve will not go into the details 

of the networks here, but will give a very brief description of 

each and compare their advantages and disadvantages. For further 

details, the reader is referred to Powell and the original papers 

which first described each network. 

Thomhill  first proposed two network configurations which 

Powell has termed the tetrahedral characteristic line network and 

the tetrahedral characteristic surface network. The nomenclature 

introduced by Powell is adopted here. These networks are shown 

in Figures 5 and 7. A minimum of three points is required in 

the initial surface to calculate conditions at a new point off 

the surface« In the tetrahedral characteristic line network, 

three Mach cones through the three initial points, P^, ?*,  end 

P3, are utilised to form the net. A mutual intersection point 

of the three cooes is the new point at which the flow proper- 

ties are to be calculated. The generators of the cones which 

pass through the intersection point are approximations to bi- 

characteristics. The compatibility equations can be written in 

finite difference form along these bicharacteristics and then 
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utilized Co detemlne Che flow properties *C Che new point. 

If this network is considered fro« the standpoint of nuaerlcel 

sCeblllty, however, 1C Is found Co be unstable (see Appendix 

B). For this reason, this writer proposes Che modified 

CeCrahedral characteristic line network shown In Figure 6, 

In Che modified network, It Is proposed that the triangle 

formed by Che three initial points be Inscribed with a circle, 

and Che points of tangency of the circle with Che triangle, P.«, 

P23, end P31, be utilised In exactly the same way as the InltlAl 

points, Pj, ?2*  «nd P^, for Che unmodified network. The prop- 

erties at the points P**, ?23*  and P3l "^S^t be obtained by 

linear interpolation between the initial points or a higher order 

interpolation scheme might be utilised in the initial surface. 

The addition of the procedure of Inscribing the circle within 

the triangle assures numerical stability for this network (see 

Appendix B). 

The CeCrahedral characteristic surface network also uses 

the minimum of three points in. the Initial surface to form the 

net* The lines passing through each pair of points are used Co 

define characteristic surfaces.  The mutual Intersection point 

of Che Chree inward leaning characteristic surfaces is utilised 

as Che new point, ?,.  The characteristic conoid through P, 

opening toward the initial surface Is tangent to the character- 

istic surfaces along bicharacterlstlcs as shown in Figure 7. 

The points Pj^, ?2V  lknd P3I at the bÄ8e of the bicharacterlstlcs 

in the initial surface are utilised in the finite difference 
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equations and Che flow properties at these points must be deter- 

mined jy interpolation in the initial surface. 

26 18 
Ferrari  and Sauer  have proposed a nctvcrk made up of 

characteristic surfaces and two orthogonal families of reference 

planes as shown in Figure 8. This network of intersections of 

reference planes with characteristic surfaces utilises two 

families of coordinate planes (e.g. x ■ constant and z m  constant) 

at depicted in Figure 8. The points P^( ?£, P3 and P^ in the 

initial surface are used to calculate the flow at the new points 

Fe and P, which are located at the intersections of a "left 

running" characteristic surface from FjP»» a "right running" 

characteristic surface from P.>P, and a specified x * K co- 

ordinate plane. The flow properties at Pe, for instance, are 

obtained from equations for the variations of flow properties 

along the lines PjPc and PoPe in the characteristic surface. 

The third equation is obtained by considering the variation in 

the initial surface (along P^ or P3P4) and relating it to the 

variations along P^P^ and PoFc. The flow properties at P6 are 

obtained similarly, but note that the base point P* will, in 

general, have to be moved in an iteration to P« in order to 

cause Pr to fall on the x • K coordinate plane. This will re- 

quire interpolation or extrapolation in the initial surface in 

order to find the flow properties at P«. 

The prismatic network of characteristic surfaces was intro- 

duced by Cobum and Dolph  and refined by Holt . It is shown 

la Figure 9. This network is similar to the network of 
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Intersections of reference plenes with cheracteristic surfaces 

except that bicharacteristics are used in integrating in the 

characteristic surface rathör than the intersections with 

orthogonal coordinate planes. This network also requires that 

the flow be known on a surface other than the initial surface 

such as surface P2P4P6 ln the ^Sure. This might be a plane 

of symmetry, but it seems to limit the useful application of 

the network. The flow is determined at the new point Pe by 

solving equations written along the lines PjPe» P«P5 *nd ^6^5* 

28 
Butler  has proposed a network and method which is not 

precisely the method of characteristics, but is more of a com- 

bination of the standard finite difference approach and the 

method of characteristics in the spirit of the method of 

Hartree mentioned in Chapter 1.  Powell termed this the 

pentahedral bicharacteristic line network. As shown in Figure 

10, the coordinates of the new point PQ are chosen,and the 

Mach cone is projected back toward the initial surface. Four 

bicharacteristics, one more than the minimum number required, 

are used in determining the flow properties. The addition of 

the fourth equation allows the elimination of the partial deriva- 

tives of the flow properties at the new point. The flow pro- 

perties at base points, P*, P2» P3 and P,, which lie in the 

initial surface, must be obtained by interpolation. Note that 

the location of the bicharacteristics is not arbitrary, but is 

determined by the condition for the elimination of the partial 

derivatives so that the simplification of eliminating some 
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derivatives is traded for the complication in detenining the 

location of the bicharacteristics and the addition of an extra 

equation. 

24 40 
Sauer  and Schaetz  have proposed methods which utilize 

what they call "near Characteristics", but which are very 

similar to the prismatic network of characteristic surfaces and 

the network of intersections of reference planes with character- 

istic surfaces discussed above.  It is felt that the near 

characteristic networks have advantages and disadvantages 

similar to those discussed above for the prismatic and reference 

plane networks. 

Fowell has discussed in detail, the advantages and draw- 

backs of each of the networks outlined above. We only smmnarize 

here, his discussion adding a point about stability of which he 

was not aware.  In general, three points can be used to compare 

the networks. They are: (1) Is interpolation required in the 

initial surface? This is to be avoided because it can introduce 

inaccuracy.  (2) Do the base points in the initial surface move 

about as the solution is Iterated to higher order in the step 

sire? If the points do move, interpolation is required.  (3) Are 

the aquations to be solved, written along bicharacteristic curves? 

The formal proofs of existence and uniqueness given by Titt 

apply only for integration along bicharacteristics. 

Interpolation is required for all the networks except the 

tetrahedral characteristic line network. Unfortunately, it is 

numerically unstable. The modified tetrahedral characteristic 
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line network requires only one interpolation so that it is the 

next best.  The others require considerably more interpolation. 

The base points must be moved for Che last three networks 

outlined above and shown in Figures 8,9, and 10. They are 

fixed for the first three networks. 

Finally, on the third point, bicharacteristics are used 

in all but the network of intersections of reference planes 

with characteristic surfaces.  It should be noted, however, 

30 that Morretti et.al.  have used this net and have been success- 

ful in obtaining practical results so that the argument for 

using bicharacteristics is not clearly established.  It should 

also be noted that the new points are obtained on equally spaced 

coordinate surfaces using this net so that boundary conditions 

can he more easily handled in some problems. 

There are other advantages and disadvantages of these net- 

work configurations that cannot be presented here because of 

space limitations, but the major points have been discussed 

above. Powell felt that the tetrahedral characteristic line 

network was the most favorable and, at least in a relative sense, 

that its advantages outweighed its disadvantages. With the dis- 

covery of the numerical instability in this network, this writer 

believes that the modified tetrahedral characteristic line net- 

work is now the favored approach.  Admittedly, this sort of 

reasoning is very qualitative, but it appears to be the best that 

can be done short of programming all of the networks and com- 

paring the results they give for a test problem. Of course, the 
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latter suggestion is out of the question practically. 

Now that we have seen Che difficulty in choosing a net- 

work configuration for problems involving three independent 

variables, it should be apparent that choosing a network for 

a four variable problem is even more difficult. First of all, 

our inability to "picture" the geometry of a four variable 

space complicates the choice. This does not make the task 

impossible, however, because the process can still be approached 

on a mathematical basis.  It might be expected that a general- 

isation of the modified tetrahedral characteristic line network 

would also be a logical, advantageous network to use in four 

independent variables. Proceeding with this point of view, we 

can devise the generalised network. 

Consider four points. P., Pj» P3 and P, lying in the 

initial hypersurface.  Four is the minimum number of points re- 

quired to determine the flow properties at the new point Pe. 

First, corresponding to the circle inscribed   within the 

triangle in the three-variable networks, we inscribe a sphere 

within the tetrahedron formed by the initial points in the 

initial hypersurface. The four points of tangency of the sphere 

with the tetrahedron labeled PJOT» pi24* P134 and P234 in ttie 

"representation" in Figure 11(a) are used as the base points 

for four Mach hypercones shown in Figure 11(b). The flow 

properties at these four points can be obtained by interpola- 

tion in the Initial hypersurface. The equation of the Mach 

hypercones (2.9) is a second order algebraic equation in four 

34 



unknowns.  This equation written for each of the four inter- 

mediate base points (i - 1, 2, 3, 4) gives four equations in 

four unknowns which can be solved for the coordinates of the 

intersection point, Pc«  The compatibility equation (2.15) 

can be written in finite difference form along the four lines 

from the intermediate base points to the new intersection 

point. This gives four equations to determine four flow prop- 

erties at the new point, for example, u, v, w, and p. The re- 

maining flow properties at the new point, such as the entropy, 

s, and the species mass fractions, cn, are determined fron the 

compatibility equations (2.16) and (2.18c) which apply along 

the particle line through the new point projected back to its 

intersection with the initial hypersurface. The flow proper- 

ties at the base of the particle line in the initial hyper- 

surface must also be obtained by interpolation. 

This completes the discussion of the network configuration 

to be used, but before proceeding to the details of the finite 

difference equations, it should be pointed out that new points 

on various types of boundaries must also be calculated. Points 

on shock waves, on body surfaces, on contact surfaces, and on 

other discontinuities which might arise in flow fields of 

interest must also be calculated. The networks described above 

are for what might be called field points, which are in the 

interior of flow fields away from the boundaries and interior 

discontinuities.  For the flow fields of interest here, at 

least two other types of points must be calculated. They are 

points which lie on a body surface and points which lie on an 

. 
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exterior shock wave surface. By exterior shock wave surface, 

we — a surface beyond which the flow is known or un- 

disturbed. Interior secpndary shock waves will not be con- 

sidered in this initial study, although they can be calculated 

with Bomm  added effort. The three types of points to be con- 

sidered here, are shown in the three-diaensions1 representation 

of the four-space in Figure 12 fof the flow in the nose region 

of a blunt body novlng at a supersonic velocity. 

Note that in several of the figures, three-diaensional 

"representations" are used for the four-diAcnsional space. -^ 

Thus, a two-disansional surface may be drawn in a figure, but 

it may represent a hyper surface and will be labeled accordingly 

as in Figure 12 where the body and shock hypersurface are so 

labeled. Surfaces depicted in the figures may indicate a sur- 

face or they aay represent a hypersurface, but lines depicted 

in the figures always represent lines.  In Figure 12, the 

initial hypersurface is represented by the hyperplane t* - 0 

(the initial steady flow). 

3.2 The Field Point Procedure 

In this section, the details of determining the coordinates 

and flow properties at a new point in the field sre presented. 

The solution of a new field point requires the completion of 

four steps. First, the intermediate base points must be located 

and the flow properties at each point determined. The location 

of the new field point is then determined and as the third step, 

the flow properties at the new point must be obtained. Finally, 
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a convergent Iteration scheae must be established which will 

determine the location and flow properties at the new point 

to second-order accuracy in the step size. The details of 

each of the steps follows. 

Stop 1 

The four base points determine a tetrahedron within which 

a aphere is to be inscribed. The tangcncy points are utilized 

as intermediate base points from which the Mach hypercones are 

projected. The flow properties at the tangency points must be 

obtained by interpolation. 

First, the calculation is simplified by transforming to a 

set of cartesian coordinates (x*, y*, z*,  t*) in which the t* 

coordinates of the four points ^re equal. This is possible 

because the four points cannot lie in more than a three-dimen- 

sional subspace of the four-space.  In this subspace, the planes 

which are the faces of the tetrahedron can be written in the form 

^Vß^C^-l   ^.1,,,.,^   (3.u) 

The sphere has the equation 

Finally, the normal vector to the sphere must be parallel to 

the normal to each of the faces of the tetrahedron at each point 

of tangency.  This condition is given by the following equations 

37 



vhtre 

Ai/I^l •(x*-xr;///N,fJ    H'l..../)     (3.1c) 

NM| * \(**' x */+ (y ;.*-> i2+ C«*- **) J (3. if) 

Th« third components of the noraal vectors «re «utooetlcelly 

equal because of the nonuilizetlon. Equetlons (3.1e-d) epply 

at each of the points of tangency, and thus these four equa- 

tions written for each of the four points of tangency give 16 

equations for the sixteen unknowns, **<, y*j, r*. (1 - 1, 2, 

3, 4), **0> y*0, a*0, and R, 

This set of equations can be solved nmerically by using 

a Newton iteration scheme (soaetlwes termed the Newton-Raphson 
42 

algorithm, see Lapidus , p. 288). This scheme requires a first 

estimate of the roots of the equations. These can be taken as 

the center of each face of the tetrahedron for the tangency 

points **j, y*4, £*j,  the center of the tetrahedron for the 

center of the sphere x**, Jt*Q, «*0 and the average distance 

from the center of each face to the center of the tetrahedron 

for the radius of the sphere R. 

After the coordinates of the tangency points are deter- 

mined in the (**, y*, a*, t*) coordinates, the inverse 
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transformAtlon is used to return to the (x,   y,  z,   t')   system. 

The flow properties at the tengency points must be obtained 

by Interpolation.    The simplest procedure would be to linearly 
r 

Interpolate between the three comer points on each face of 

the tetrahedron.    This could be done In the following manner. 

Starting In the (x*,  y*,  s*,  t*) coordinates for each 

plane face,  transform to  (x  ,  y   ,  r ) coordinates.    Drop the 

t* coordinate and work In the subspace because the t* co- 

ordinates of all points being considered are equal.    Consider 

the face PiP2P3 in Fi8ure  11(«)-     In the transformation to the 

(x t  y   ,  z )   system the origin Is located at P,  and the x 

axis aligned with the line Pi^o  in the ^ollowing equations: 

(3.2a) 

***l(*~i.t)C*» -(ArfjZ'nöJteV' '((f-tfjM $   (3.2c) 

where 

tan <$> » (.yt 'ljt)/liKt-*t)e*9+(ll-i*)™ 0       (3.2.) 

^»•bUD/tf^t) (32f) 
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Mot« that 

»t» o 
el« o 
2:= o 

•o that Pj,  P2» P3 *nd P.23 «H  H« in the(x  , y )  plane. 

Interpolating in this plan« with f representing a typical flow 

property,  the property at the tangency point is given by 

&-!)..♦ 
•it 

A2 
^s 

+ 
Ik-*,) (A-l) xs

+U . i 
[Mt ^~i ^ (3-3) 3» 

The coordinates and flow properties for the  intermediate 

base points have been detenained and thus the first step of the 

field point solution is coaiplete. 

£teE_2 

The coordinates of the new field point are obtained by 

siaultaneously solving the equations of four Mach hypercones 

(2.9) which eainace fron the four intermediate base points 

determined in Step 1 above.    The equations can be written in 

the form 

(x- xt) Va - a JV* - »i )*+ (t'-</ru;v »j Wt*- *?)"' 

«here (i - 1, 2, 3, 4), which designates each of the inter- 

mediate base points. These are four equations of second degr 
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in  four unknowns and, in general, have 16 roots. Only the 

closest root to the Initial hypersurface in the positive time 

direction is desired. 

To solve (3.4a), consider it rewritten and expanded in 

th. folloirtng for«: (e) „, 

+    . o 
where 

(3.4b) 

and the superscript in parentheses indicates an estiaate of 

the root or a step in an iteration process. Now, an iteration 

might be carried out using the following type of equations 

where for example 

in (3.4b). Ax can then be obtained by truncating (3.4b) at 

some point and solving for Ax.  A first estiaate of the root 

(x(o)f y
(o\ z^K  t,(o)) must be available to start the process. 
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23 
Fowtll  found that, for reasonable first estimates, the 

second order derivatives in (3.4b) ssist be included to assure 

convergence. Powell refers to this as a second-order Nevton 

procedure where second-order probably refers to the inclusion 

of second-order derivatives. Actually, the Nevton algorithn 

includes only the first order derivatives and is accurate to 

second order in the error tern Ax. The inclusion of the 

second-order derivatives is similar to the Richnond iteration 
42 

procedure (see Lapidus , p. 292) end is good to third order 

in Ax« 

When the second-order derivativee are included, Fowsll 

suggests iterating the following equations to obtain the 

correction tens. 

^lt [dt' 2 ü'ax T *% t Vdij  - 0 

Values of sero can be taken as first eetinatee of the cor- 

rections. These are substituted into the texas in brackets 

and the resulting linear equations can be solved for a new 

value of Che corrections. These corrections are then sub- 

stituted into the bracketed terns and the process repeated 

until convergence is obtained. The corrections are then 

need in (3.4c) to obtain new values of the coordinates« 
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These new coordinates ere in turn used to re-evaluate F.  end 

its derivatives  in (3.4d), and the entire process is repeeted. 

Thus,  the procedure involves a double Iteration. 

This procedure suggested by Powell was  utilised in  the 

calculations carried out  for this  study,  but it should be 

pointed out that,  by following Richmond's iteration process 

■ore closely, one Iteration required in the above double itera- 

tion can be eliminated.     If (3.4b)   is truncated after the first 

order derivatives, we obtain 

These equations can be solved for  the corrections,  and used to 

eliminate the corrections eppearlng  in the brackets  in  (3.4d). 

The corrections outside the brackets are retained.     These new 

equations can then be explicitly solved for the corrections so 

that Iteration is unnecessary.    This second procedure is a 

little  less accurate in determining the correction but eliminates 

one iteration,  though at  the expense of introducing more com- 

plicated equations.     This may be a more efficient procedure, 

but  it  is very difficult  to determine definitely short of pro- 

graoning and comparing the two schemes. 

Following Powell, we obtain a first estimate of  the 

desired root of (3.4a) with the following reasoning.    Consider 

all four hypercones  to be  identical and defined by properties 

which are averages of the properties of the actual hypercones. 
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Fro« a point an equal distance from the four intermediate base 

points lying in the initial hyperplane, project a line in the 

direction of the average generalized velocity, V  . 

The first estimate of the location of the new field point lies 

out along this line in the positive time direction at a distance 

equal to d cot/u  where yW is an average Mach angle for the cones 

and d is the distance from one intermediate base point to the 

point located an equal distance from the four intermediate base 

points. This reasoning results in the following equations for 

the first estimates of the coordinates of the new field point. 

.*?= + ^c 

a? - 4 
* 

<-- 
UTa^d + it 5 ^*ve j 

t?-- :    ¥     d + t'c '-r «a* 
«here, for example, 

(3.4f) 

Ua.e = Uui*^^l+Ü<) 
4 

and the numbered subscripts indicate each of the intermediate 

base points. Also 

the c subscripts indicate the coordinates of the point lying 

in the initial hyperplane an equal distance from the inter- 

mediate base points. These are determined from the following 

equations 

\ 

M 



^c + Bae +Cee 4 Dt'c = 1 
«here the lest equetlon is the equetlon of the inltlel hyper- 

pleae contetnlng the four intermedlete bese points. 

Thus, with the first estiaete from (3.4f) end the double 

iteration process described by equations (3.4c) end (3.40), the 

coordinates of the new field point can be obtained. 

Step 3 

The next step is to determine the flow properties et the 

new field point.  The conpatibillty equations (2.15), (2.16), 

end (2.18c), in finite difference form, ere used to determine 

the flow properties. In order to utilise these equations, the 

^-coordinates and £[ -coordinate must be determined. A rep- 

resentation of e portion of the field point network is depicted 

in Figure 13. The four intermedlete bese points ere now re- 

designated P^, ?2f  Po, end P^ for simplicity, while P5 is the 

new field point.  P6 is the point on the Initial hyperplane from 

which the particle line through Pc peases. 

Briefly, four flow properties at Pc ere determined by 

using equation (2.15) written in finite difference form along 

the four lines from the bese points to the new field point. 
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Th«8« four equations can bt solved for Uet Ve9 w- end pe* The 

velocity components give the direction cosines of the generel- 

ised velocity V which is tengent to the per tide line. A line 

with direction cosines equal to the direction cosines of V is 

then projected beck until it Intersects the initial hyper- 

surf ece. This intersection point is P^. The compatibility 

equations (2.16) end (2.18c) along the line P6P5 in finite 

difference form determine the remaining flow properties et Pr. 

The transformation needed to explicitly write the com- 

petlblllty equation (2.13) has only one restriction put upon it 

by the pertlel differential equations end it is that the 

characteristic equation (2.6) must be setisfied.  It is probably 

best to take the transformation to be linear end orthogonal. 

This does not mean that the simplest form of the required trans- 

formation is given by the orghogonel transformation. Quite to 

the contrary, nonorthogonal transformations could be simpler, 

but they ere not easily determined analytically or numerically. 

For ezauple» Thomhill  presents e nonorthogonal transformation 

for two-dimensional unsteady flow which is quite simply expressed. 

TMls trens format ion was obtained by considering the geometry of 

the characteristics surfsees in the three-spece.  Unfortunately, 

a direct application of the seme procedure to the four-spece is 

not possible beceuse of the edded geometrical complications of 

the additional coordinate. 

Ve proceed to develop the linear orthogonal transformation 

which can be written In matrix notation as 

46 



(3.5) 

The orthogonality property gives 

(3.6) 

The 0,-coordlnete has been taken normal to the Mach hyperconold 

and, hence.  Is normal co the line P«Pc at the point P.   ( 1 - 1, 

2,  3, 4).    The &2'C00T<Hn*te i* aligned In the direction along 
16 27 PfP^.    Fsom the work of Thomhill      and Bruhn and Haack    , it  is 

determined that    7 0i and        V &2 8hould h*ve the following 

forms 

V^ = CPS ^ T ^ stn fa>% tj   + sin ^ %ir\ f k 

+(%+*in<>mf)1i + %/ 
(3.7b) 

where   p   and    ^    are parameters, und it Is easily verified 

by substitution that   V Öt   satisfies the characteristic equa- 

tion (2.6).    Also,  it is easily shown that 

Utilising (3.7a-b),  the complete transformation is determined 

in the following manner.    Equation  (3.5)  is rewritten in the 

following form 
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«tart 

i/Kr = 

KIB   KJ   K4M   KfR 
W   K.S   K,N    K,S 
KO  K4H   K^P   K»T 

< 

(3.8a) 

ASdfc*c' f D1 
(3.8b) 

£» + p» fg»-+ H» (3.8c) 

L*+Ml + Wt + P* (3.8d) 

(3.8«) 

Thar« ara atill thraa dagraaa of fraadoa left In orlantlng 

cha ß-eoordlnaCaa, ao thraa tens can ba chosan arbitrarily. 

Tha choicaa aada hara ara 

P»S r » o (3.9) 

Tha 02~coord^ntte 1-8 t0 be aligned with PjP^ so equating the 

^2 teras to tha direction cosines of P^P. gives 

(3.10a) 

(3.10b) 

(3.10c) 

(3.10d) 

«hare • 

(3.10e) 
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Now using equations (3.7), (3.9), (3.10) and the orthogonality 

conditions, the tans in Q      ara dataminad vith the following 

aquations 

H 

E 

F 

G 

A 

B 

C 

D 

Q 

R 

L 

N 

N 

H(<f-«0/(tr-tlJ 

M(af-ai)/fc;-t'J 

B - («i/it) 

S - i*ri/*i) 

(BS-CF)/(Ar-BEj 

(CE-^S)/(AF-BEJ 

[CP-B6 +(D6-CM)RJ/J5 

CA6-CE ^(CH-DS)Qj/« 

[BE-AF ^(DF-BH)Q-KCAH-DEJRJ/J5 

(3.11a) 

(3.11b) 

(3.11c) 

(3.lid) 

(3.11a) 

O.llf) 

(3.11g) 

(3.11h) 

(3.111) 

(3.11J) 

(3.11k) 

(3.111) 

(3.11M) 

«here •* 

*» (6ß-CF)Q*-(C£ -4Ö)R (j.ito) 
These aquations uniquely determine the  transformation at a 

particular intermediate base point.    Using  (3.6) and (3.8a), 

it can be seen that 
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ax     l        ^ 

A«KtE        , 
•o Chat all the partial derivatives fro« the transformation in 

(2.15) ara known. 

The coapatibility aquation (2.15) it put in finite dif- 

ference form by subitituting the following approximate expres- 

sion for the partial derivatives along the line from P1 to P^. 

77 » {Vr-HO/Z (3.12) 

Similar expressions ara utilised for the derivatives of v, 

w, and k9. 

A scheme must alao be devised to numerically evaluate the 

derivatives in the P*- and ß,-directions. This is one of the 

fund Mental differences between problems with two independent 

variables where there are no partial derivatives left to be 

evaluated at this point, and problsms with more than two independ- 

ent variables. These partial derivatives can be evaluated using 

the following equations. 

V*     iKifa   diji^ 61^   if^[       'J 

where from the orthogonality of the transformation 
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fcL • Mf% A* » ^.ÄlT^^tit'« ^    (3.13b) 

and th« other partial derivatives can be obtained froa equations 

of the form 

^ N (3.13c) 

As a first estlaata In the Iteration procedure described In 

Step 4 be low, q, can be taken as 

J? =   ("I + «t + Wj + "4) /4 (3.13d) 

In a similar manner, the derivatives of v, v, and p.can be 

determined. 

It should be pointed out that In writing equation (3.13c) 

It Is assumed that the partial derivatives of the form cW /oX » 

6u/6u  t   ^W/ofc t rod  dw/dt  can be approximated as 

constants over the network. The derivatives 6\*/6ßm     are not 

considered constant over the network In (3.13a), however, because 

the transformation and, hence, the derivatives given by (3.13b) 

are calculated for each intemedlete base point. 

With the equations given above, all the terms In (2.15) can 

be evaluated. The last term which Includes the chemical source 

function Is evaluated at least Initially at each of the Inter- 

mediate base points where all of the flow properties are known. 

Thus, with 1-1,2,3 and 4, equation (2.15) gives four linear 
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algebraic «quatlons which can be solved for tha four unknowns» 

«5. Vj, w5 and p5. 

Tha coordmatas of tha bate point, P^, are detemined by the 

intersection of a line through P« with direction cosines equal 

to those of 7 and the hyperplane through the four intenediate 

base points, P,, ?2*  P3 and ?..    The equations which give these 

coordinates, are the equation of the hyperplane 

^ ^ By 4. Cä 4 DtT =1 (3.14a) 

tha equations of the line 

K-K* 
(3.14b-d) 

This sat of linear equations is easily solved for the coordinates 

of P** The flow field properties at P6 can be detemined by 

linear interpolation between the four interaediate base points 

in the initial hyperplane. First, transfon coordinates to the 

**• 7*» **» t* coordinates where the t* coordinates are all equal 

Co tha seae constant.  Then, a general flow property can be 

written in the for» 

^ '-   V^^'F-AF^*^«^  (3.15) 

and tha F^ coefficients can be detemined by substituting the 

coordinates end flow properties of the four intemediete base 
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points«    Than Che flow properties st P6 are ssslly detenlned 

by substituting  its coordlnstes. 

When the flaw properties st P6 ere known, the coapAtibillty 

equstloni slang the particle lino,  (2.16) end (2.18c), «re used 

to dotenine the reasining flow properties at P,.    For this pur- 

pose, thess equations sight bs put in finite difference for« 

by substituting 

jV =  (^Hf-C„J/X       (n«V,.fN) (3.16a) 

where 

X**-(Xg-Uf+iy, -^T* (if ■ 2$+ (i'f * t J *   (3.16c) 

(2.16) and (2.18c) can then be solvsd for c * snd s»* 

It should be noted that In introducing the approziaations 

of equations (3.16), we assume that c snd s do not vary wore 

rapidly fron the initial hyperplane to the new point than u, v, 

w, and p. In many nonequillbrlua flows, c and s do vsry rapidly 

along the psrticle line so that in these esses, it suiy be sd- 

vissble to Integrste equations (2.16) and (2.18c) in several 
43 steps ss proposed by Ferri et.si  snd utilissd in the calcula- 

36 tions of Wood et.al.     The pressure can be sssumed to vary 

linearly along the particle line and the one-dimensional or 

streaatuba approximations allow a Runge-Kutta technique, for 

example, to be used to integrste the equations from P^ to P». 
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Sedney and Gerber^      ave also noted that utilising entropy In 

nonequlllbrlum calculations can lead to large computation errors 

so that It might be advisable In some cases to use another 

thermodynamlc variable,  such as temperature.  In place of the 

more customary quantity,  entropy.    A note of warning might be 

inserted here to Indicate that the numerical  Integration of the 

reaction rate equations,  can be difficult especially near 

equilibrium conditions.    The numerical Integration of such 

"stiff*1 equations is Just beginning to bo handled adequately 

at the present time. 

Step 4 

The final step is to set up an iteration process to Increase 

the accuracy of the integration procedure.    This Is done by 

repeating steps 2 and 3,  but using average values of the flow 

field properties.    In equation (2.13),  for example,  the flow 

properties u.,  v.,  w., p.  and a.  are replaced by average 

values which have the form 

V* - (m *«!*)/t    (i*!,...,i) (3.i7) 
In equations  (2.16)   and  (2.18c), and hence,  also In  (3.14) 

the following form of average values is used. 

In the iteration process,  average values of the flow properties 

are used everywhere except in the Interpolation procedure on the 
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initial hyperiurface «nd for Che initial conditions in Cfac 

integration of the compatibility equetiont. The iteration 

process is continued until 
./"J (VO 
w}    = "*,    , 

t>r - h<*"> 
• 
• 
• 

to within prescribed  limits or until they are equal to the 

sbility of the computer  to determine them    utilizing e finite 

ninber  of digits. 

The iteration process described above,  is similar to 

the modified Euler's method which  is sometimes referred to as 
42 Heun's first method (see L«pidus     , p.   88)  for ordinary 

differential equations.     When applied to ordinary differen- 

tial equations,   the truncation error is  third-order  in the 

step  size, so that the process includes  terms of second order 

in the step size.    The process as applied here to the partial 

differential equations,  does omit  some terms which are second 

order   in the step size  through the assimption that the partial 

derivatives in (3.13c),  are constant over the network.     It 

can only be hoped that  these neglected terms do not appre- 

ciably  increase  the order of the truncation error because  it 

appears that there is no way to include  the neglected second- 

order  terms without changing the network by adding additional 
28 base points, as  Butler      has done. 

This completes the description of the  fourth step and 

also the entire  field point procedure.     Next,  the procedure 

to calculate a new point  on a body hyper surface is considered. 
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3.3 The Body Point Procedure 

The ■«me four steps required for the field point procedure 

ere elso required for the body point procedure. The body is 

eesimed to be specified by en equetlon of the form 

ß (*-y, *,*')/= o (3.i9) 

With this formuletlon, rather general body shapes and motions 

can be considered.  However, It Is assmed here that the body 

hypersurface has no corners (l.e.f no discontinuities In first 

order derivatives).  Special techniques are required for 

handling the expansion fans and secondary shock waves which 

can arise because of body corners. 

Three base points In the Initial hypersurface adjacent 

to the body hypersurface, and three points which lie both In 

the body end the Initial hypersurfaces are used to determine 

a new point on the body hypersurface In the following steps. 

Step 1 

As In the first step In the field point procedure, Inter- 

mediate base points must be properly located, and the flow 

propsrtiss at them determined by Interpolation. Three Inter- 

mediate base points must be located such that the domain of 

dependence of the difference scheme contains the domain of 

dependence of the partial differential equations to ensure 

niaserlcal stability.  This was done by inscribing a sphere 



within Che tetrahedron In the field point procedure.  A 

•imllar procedure could be proposed here, but it wet found 

in doing two-dimension«! unsteady flows, that some experimen- 

tation was necessary in order to properly locate the inter- 

mediate base point«, so that a stable solution was obtained. 

Thus, it is probably better to refer to the details of the 

two-dimensional unsteady procedure given in Chapter 4t Section 

4.3 in the description of the PATCH subroutine, and to state 

that sane experimentation might be necessary in locating the 

intermediate base points. 

Step 2 

The coordinates of the new body point are determined by 

simultaneously solving the equation of the body hypersurface 

(3'19) together with the equations for three Mach hypercones 

through the three intermediate base points determined in Step 

1.  The equations can be solved by using the third-order Rich- 

mond iteration procedure presented in Step 2 of the field point 

procedure. 

A representation of a portion of the body point network 

is shown in Figure 14.  p  P and P^ are the intermediate base 

points, and P,. P, and Pg are the base points in the body hyper 

surface. The new body point is located at P^, while P  is the 

point of intersection of the particle line from Pu, projected 

back to the plane determined by P., P, and Pg. 
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Th« flow prop«rCi«t at P4 are determined in a manner 

•Imilar to Step 3 In the field point procedure.  Three com- 

patibility aquations can be obtained in the form of (2.15), 

corresponding to the three Intermediate base pointa.  The 

aaaa coordinate transformation as used for the field point 

can be used hare.  The equation for the boundary condition 

i§M 4 Ü^ dß^+ieu^o      (3.20) 
it 6J     di bt' 

replaces the fourth compatibility equation used in the field 

point procedure. One slight change is necessary to evaluate 

the derivatives in the 0.- and 0^-directions in (2.13) 

because only three and not four intermediate base points are 

available. One of the base points on the body hypersurface 

must be used as the fourth point.  From the three compat- 

ability equations and the boundary condition, the flow 

properties u4, v^, w4 and pu are determined. 

Next, the particle line on the body hypersurface must be 

projected back to obtain its intersection with the initial 

hypersurface. The three body base points, ?,,  P7 and P« in 

Figure 14, determine a plane (not a hyperplane) which is ex- 

pressed in the following form. 

> 

Ax + Cy + Da - 1 (3.21a) 

Ey > Fa + Gt' - 1 (3.21b) 

58 



The sis coefficients csn be determined by substituting the 

coordinates of the three points into the equations, and 

solving the resulting set of six equations.  This plane is 

an approximation to the surface which is the intersection of 

the initial hypersurface and the body hypersurface. The point 

P., which is the intersection of the particle line with the 

plane 0.21), is determined by considering s second plane con- 

taining P., the generalized velocity V and the vector normal 

to the body hypersurface at Pu , which is given by 

Nt-     TtL       7jJ   +  Tt**   öt'* (3.22) 

This plane can also be expressed in the form 

Hx + Xy Ws - 1 (3.23a) 

Ky + Lz   .   Nt'   - 1 (3.23b) 

The coordinates of P^ are obtained by solving equations (3.21) 

and (3*23). The intersection of the two planes results in a 

unique point, because the plane (3.23) contains N-, which is 

normal to the body hypersurface.  Hence, the intersection of 

(3*23) with the body hypersurface is the particle line, and 

because (3.21) also lies within the body hypersurface, the 

intersection is a single point. 

After the particle line base point P. is determined, the 

flow properties at it are determined by interpolation in the 

initial hypersurface.  The compatibility equations (2.16) and 

(2.18c) along the particle line are used to determine the 
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rMMilnlng flow prop«rti«s at the new body point in the si 

■encer es in the field point procedure. 

Step » 

Steps 2 end 3 ebove ere itereted to convergence in 

exactly the eeae aenner as in the field point procedure. 

1.4 The Shock Point Procedure 

The shock point procedure is the aost conpliceted of the 

three procedures considered here. Briefly, the shock point 

procedure can be suHurised es follows. Given e point which 

lies both on the shock end initiel hypersurfaces, together with 

the cosplete flow field incident on the shock, the location of 

a new point on the shock hypersurface oust be found. The flow 

properties behind the shock at the new point end the orien- 

tation of the shock hypersurfece through the point aust elso 

be determined. As in the body point procedure, three bese 

points in the initial hypersurfece adjacent to the shock 

hypersurfece ere essuaed given. Actually only one shock base 

point which lies both on the shock and initial hypersurfeces is 

required to detemine the new ehock point, but an additionel two 

shock base points will be required in Step 1 to detemine inter- 

■edlete bese points es wee necessery for the body point. 

The shock point procedure hes the same four steps as the 

field and body procedures: (1) locate end detemine the flow 

properties at the intemediate bese points, (2) locete the 
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potlcion of Che new point, (3) calculate Che flow propcrtiea 

at the point, and (4) Iterate the solution to second order 

in the step sire. 

Step I 

This step is almost exactly the same as Step 1 of the 

body point procedure.  Also, as in the body point solution, a 

detailed description of a process Co locate the interaediate 

base points could be given here, but because »omm  experleen- 

tation will probably be necessary to assure nusMrical stability, 

the reader is referred to procedures used for tvo-disMnsional 

unsceady flow in Chapter 4, which probably can be siwply 

generalized Co Che four variable case. 

Seep 2 

A representation of a portion of Che shock poinC network 

is shown in Figure 15.  P,, P» and P~ are Che three inter- 

mediate base poinCs which were determined in Step 1.  Pt is 

Che base point which lies in both Che shock and inicial hyper- 

surfaces.  The new shock point that is Co be determined is 

labeled P.. 
-> 

The first estimate for Che location of P is obtained by 

determining Che intersection of Che shock hypersurface and Che 

Chree Mach hypercones fron Che intermediate base points.  The 

shock hypersurface is initially approximated by Che hyperplane 

normal Co N 4 and passing Chrough Pa.  N 4 is Che unit vector 
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— .J r. 

\ =-NV + S, J + N%k + ^ ^ (3-?4) 

The fhock hyperplane then has the form 

Vx-x,)+^ry4>V*'^+V4'-^5 0 <3-25) 

The coordinates of P, can be obtained by using the third order 

Richmond iteration scheme as in the field and body point 

procedures. 

The procedure for detemining the flow properties behind 

the shock hypersurface at the new shock point is more involved 

than the corresponding procedures for the field and body points 

First, notice that the shock hypersurface at P^ has been approx- 

imated by the hyperplane, (3*25)> to that in the first step of 

the interation N  - H .. 

The flow Incident on the shock wave at Pc is given, so 

%.. v54. w^i P5+. P5+ *»<* cn5+ are known or can be deter- 

■ined by interpolation. The plus-sign subscript indicates a 

flow property in the incident streaa while a ■inus-sign sub- 

script indicates flow properties just behind the shock hyper- 

surface. The shock wave equations (Rankine-Hugonlot equations) 

are used to determine the properties behind the shock. 

62 



Introducing Che following notation 

%t =■ {utK **%•>-*4 % *VH><) (3 • 26') 

where 

r-- K^K+KVK^i+O    (3.26b) 
end 

Vt^fafaJ+^J+^k)^ +%< (3-26c) 

the equations for e moving ihock weve can be written In the form 

f* fa    -    f- fa (3.26d) 

:. 

ft   +     P^Wf    -    f-    *   f-fr. (3.26.) 

h*   +    2  ^      =     ^   +    2 ?'- (3-26f) 

VTf   »     \7T_ (3.26gJ 

Ch+   =    C«. ffl» 1,. ,. ,NJ <3.26h) 

The state equation Is also needed. 

h = h (f?, />, Cl, . .. . ; Cw) (3.261) 

These equations cannot be solved explicitly for the properties 

behind the shock In terns of the properties In front of the 

shock, because the state equation cannot always be written 

explicitly In the form of an equation.  The shock wave equations 
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■uit be solved nmerically for a general problen, fuch at 

the flow of a real gat (e.g., for air, aaa Moeckal ). 

After 4||_ hat been determined using (3.26), f.he velo- 

city coaponentt are given by  the following equationt. 

W. » U4 •#• Ws^f (^r  ^) (3.27a) 

VL   -   K+   Nta$(^w.-^) (3.27b) 

KT. » ^ f N^fC^ti.-^.) (3.27c) 

Thus, all the flow propertiea at P behind the thock hyper- 

surfaces can be detentined. 

Step 4 

Equations (3.26) and (3.27) detersine an estimate of the 

flow properties at P. behind the shock wave, but there ere 

three compatibility equationt which hold along the lines 

PjP-, PjPc and P^Pc-  In general, the properties determined 

above will not satisfy these compablllty equations. However, 

a new estimate for the shock hypersurface normal vector, N 

can be made such that the conditions behind the shock tend 

toward the satisfaction of the compatibility equations. 

The new estimate of N  is obtained as follows. The flow 

properties which appear in the compatibility equation (2.15) 

are expanded in Taylor series,which is truncated after the 

first order derivatives 
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r-?^&J<^'C^< " .28) 

wh«r« Binus-tign sabtcrlpts have been omitted.     Sinllar eque- 

tlont can be written for v.,^"'^. wQ
(n+1) end pR

(,l+1).    The 
5       5 5 

new ettiaete of N , is given by 
■!3 

(3.29) 

The three correction term AH^"^ , AH^^ end AH^^ ere 
e»5    ey5       e«5 

determined by eubetituting (3.28) end its counterparts for 

v, v, end p into the three compatibility equations, (2.15), 

corresponding to P, , P, end P..  The partial derivatives of 

u, v, v, end p with respect to N , V     end N v must be s*  sy     a* 

determined before the correction terms cen be obteincd. 

These derivatives may be obteined from equations (3.26) and 

(3*27), but they cannot be determined analytically unless 

the stete equation cen be written explicitly.  They cen be 

determined nuaerically, end perhaps, this is the simplest way 

even when they cen be determined analytically.  For exemple, 

e derivetive could be calculated using the following epproxima 

tion. 

AN», ~       SN,K 
where      ^ N,x 

lt *  »nail change  in N    .    After the three 

correction« ere determined,  the  fourth correction is obteined 

from 
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(HvAN'.r)2+ (N^+4WS3f)
X O.JO) 

4-(Hl4s+AN5iy)\(^Vr+ÄNStV)a= 1 

This procedure is repeated In en iteretlon proceit as 

in the field end body point procedures. In Step 1, Ni4 is 

replaced by en everege value given by 

«here Ng5
(n','1) is given by (329). In Step 2, note thet Fl^11"*"1^ 

is not equal to n^  c"*1*  b«t is given by (3.29). Averege 

values are used in the hypercone end compatibility equations 

Just as in the field and body point procedures. 

3.5 The Initiel Value Hyperaurfacc 

The Cauchy problem being considered here requires thet the 

flow properties be completely specified on an initial hyper- 

surface.  This means that a three-dimensional flow field must 

be specified before the complete four-dimensional flow field 

can be solved.  By no means, is this a trivial problem. Of 

course, the type of initial value hypersurface required for 

a given problem will depend on the specific problem. A few 

of the properties which seem unique to the general method of 

characteristics end which might be used to determine the 

initial hypersurface are mentioned in the following discussion. 
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In most practical problems of unsteady three-dimensional 

flow, Che initial hypersurface it Che initial steady three- 

dimensional flow. Thus, the steady flow is required before 

the unsteady flow can be determined.  This brings to mind, 

specialising the general method of characteristics to solve 

Che three-dimensional steady flow.  This is discussed in the 

next section. Only steady supersonic flow can be solved by 

the method of characteristics, because the equations of steady 

subsonic flow are not hyperbolic, but this is one way in which 

the initial hypersurface might be determined for supersonic 

flow. 

Certain steady flows might also be solved in the follow- 

ing manner. Consider Che hypersonic flow about a blunt nosed 

body as depicted in Figure 16. The flow in Che inicial hyper- 

surface, t' - 0, may be only an estimate of the exact flow.  The 

flow can Chen be calculated in the t'-direction wich Che body 

surface unchanged wich time.  The initial estimate can be con- 

sidered physically as the result of some body motion for t* < 0. 

After a certain amount of time has passed, the transient decays 

and steady flow is attained at t' - t' . For t' > t* , the 

flow field does not change with tine.  In this way, Che steady 

flow can be calculated starting fron only an estimate of the 

flow field.  Note that the Initial estimate must not violate 

the equations of change of the gas.  Hence, the initial esti- 

mate is not arbitrary, but must be physically realizable. 

Obtaining such an estimate for nonequilibrium flow may not be 

simple, but perhaps rather crude Initial estimates would still 

yield the physically correct results.  This could be 

ascert lined by solving test cases. 
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The difficulty in obtaining «n initial e»tlm*te which la 

compatible with tha equations of change could be avoided by 

using the following technique. Start with an initial steady 

flow which is kaown exactly. For exaaple, the hypersonic flow 

about a spherically capped cylinder slight be taken as the known 

steady flow as shown in Figure 17. The spherical cap can then 

be diatorted into soae other shape, perhaps ellipsoidal, and 

after the transient de cay a, the steady flow about the dis- 

torted body is obtained.  In the sane way, the known initial 

steady flow sight be taken as the supersonic flow about a core 

at saro angle of attack. The cone can then be rotated to a 

finite angle of attack, and after the transient decays, the 

steady flow about a cone at an arbitrary angle of attack is 

obtained. In this way, the steady supersonic flow about some 

rather arbitrary bodies can be calculated. 

It should be mentioned that the general Method of 

characteristics for unsteady flow applies to subsonic as well 

aa supersonic flows.  Given the initial steady subsonic flow, 

the flow-fie Id history can be cooputed within the domain of 

deteminacy of the initial data. The domain of detervlnacy is 

limited in the t'-direction by the amount of initial data given 

in the initial hypersurface, but the calculation can be carried 

as far in the t*-direction as desired, merely by enlarging the 

region of the initial data. For practical reasons discussed 

in Chapter 5, the method of characteristics for unsteady flows 

will probably never be uaed for subsonic flows unless the flow 

is desired for only a very shoxt period of time. 

68 



3.6  Siapllfylng the Cgggral Proc»dure 

It will not «Iwaya be necessary to consider the three* 

dimensions! unstesdy flow of s nonequilibrium gss.  The method 

of chsrsctsristics csn slso be applied to slmplsr problems. 

Heans for specislising the general procedure csn be very use- 

ful snd should be kept in mind ss the genersl procedure is 

developed. Specifically, three simplifications sre considered 

here. They sre listed below, together with s brief discussion 

of how the simplification is csrried out. 

Nonequilibrium flow simplified to equilibrium flow. 

In this csse, the simplification is accomplished by eliminating 

the following variables and operators       : o , De /Dt' 

snd d   'dC   ■     Also, the equilibrium speed of sound, a   should 

be substituted for the froren speed of sound.  This should be a 

rsther simple process. 

Three-dismnsional unsteady flow simplified to two- 

dimensionsl unstesdy flow. Here, one of the spsce coordinates 

is to be dropped so, for instsnce, the following terns sre set 

equal to tero: s, ö /öl  , w, 0^ and   o SdÖ^'     In the co- 

ordinate transformation,  j^ is slso set equal to ssro.  This 

too seems to be s rsther simple process. 

Three-dimensional unstesdy flow sisplified to three- 

dis^nsionsl stcsdy flow.  In this csse, the specialization is 

not essily accomplished.  First, time must be eliminated from 

the problem by setting t* snd d /bt'  equal to ssro. The 
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ch«r«ct«rlitic «quition,   (2.6)  change• to 

(3.32a) 

so Chat 

U"^   \r~+ W    >    * (3.32b) 
1    -*      -*   >   a* 

for tha problaa tö raaain hyperbolic.    The aquation of the 

Mach coo« change f  to 

4  (M^y*- ^(i-l:)*' ~ 2* V (*-*[)(%-Üi) (3.32C) 

Hota that  (3.32c)  is not obtained fron (2.9) saraly by setting 

t' equal  to rero.     In order for the Mach hypercone to be written 

in a general fore so that  it can be easily siaplified,  the 

characteristic equation,  (2.6)yeust be written in the for» 

' « '"      ^ -    0 (3-32d) 

4 

«here 

and then the Mach hypercone can be written in the fore 

2 £ 4MI ^-^J^h-^j) = O        (3.32e) 

where A^ is the aatriz aada up of the cofactora of the deter- 

■inant of b .  When t' it aet equal to zero in (3.32d), equation 
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(3-32«) will give th« correct equation for the Mach cone. 

Another coeplicetion in ipecielizing to steady flow if that 

th« coordinate tramformation, (3.8a), cannot be eaailj »im- 

plified to steady flow.  Hence, a different transformation such 

as the one used by Ferri ^ and Powell  is required for the 

steady flow.  Because of the above difficulties, it might be 

easier to develop a procedure specifically for three-diaensional 

steady flow, such as the work reported by Powell, than to try 

to specialise three-diaensional unsteady flow. This specula- 

tion can be verified when the general procedure is programned 

for th«» digital computer. 
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CHAPTER 4 

THE PROCRAMMIÜC OF THE PROCEDURE 

In this chapter, the details of the programing of the 

■ethod of characteristics are presented. This IS the portion 

of this study which pertains to the second part of the object 

ststed Initially, that Is, the proving (or dieproving) of the 

feasibility of the aethod by programing and utilising the 

■ethod to solve practical flow fields. This is by no means a 

■Inor portion of the total project. 

4.1  Practical Considerations 

Many factors were conaidered in deciding exactly what 

programs could be feasibly attempted with presently available 

high speed electronic digital computer«.  First, the limitations 

of the IBM 7094 to be utilised for the calculations had to be 

considered.  This computer has approximately 32,000 words of 

■agnetlc core storage available.  About half of this storage 

should be set aside for the programs, which leaves 17,000 words 

for the storage of data on the Initial hypersurfsce. It has 

been found that the new data can be written over the initial 

data as the calculation progresses if s few temporary storage 

locations are used. In this way, no more than one hypersurfsce 

of data needs to be stored at one time. A few simple calcula- 

tions can check the adequacy of this storage for various 

problems.  For three-dimensional unsteady nonequilibrium flow, 

(9 ♦ >) words of data (the values of x, y, s, t', u, v, w, p, 
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f, «nd  c   ) aust b« stored  for each point.     If N la tight,   for 

exaaple,  (Uta could be  atorad for 1000 point•.     In tha initial 

hyparaurfaca,   this would give  10 points   in a typical linear 

dimension,  which hardly  teems  adequate  to describe  a practical 

flow field.     If equilibritm flow is considered.   1900 pointa 

could be stored for the  initial hypersurfaca,  but  atill thia 

would give  only 12 pointa  in a  typical  linear  dünension.     Finally, 

consider  a   two-dimensional   unsteady  equilibrium  flow which  re- 

quires  seven words of data at a point.     Thia would allow 2500 

pointa  in the  initial  surface,  or 50 pointa in a typical  linear 

dimension.     This  is a more  reasonable number  of points to  describe 

a flow field. 

Another machine   limitation  is the operating apeed of the 

computer.     Even though calculations can now be  carried out   In a 

time  on  the order of microseconds,  programmers  have been able to 

demand more and store of  computers,as  in  the problem considered 

here.     Computation time must  be  considered,  because this  la what 

determines  the financial coat of carrying out  the  calculation. 

A quantitative estimate of operating time  la not possible before 

the  programs  are written,  but  it  is possible  to draw some  quali- 

tative  conclusions.     One  reault  from two-dimensional steady  flow 

calculations,   is that nonequlllbrium and real gas  thamodynaaiic 

subprograms  tend to require relatively larger amounts of computer 

operating  time.    The  complicated  Iterations  discussed  in Chapter 

3 will require  large amounts of operating time,  but these  cannot 

be eliminated without  reducing  the  calculations  to rather  trivial 
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probl«M.     Thus,  it appear» advlgable to consider s perfect  gss 

ss « first ess« to keep operating time reasonable. 

The progrant were written in the FORTRAN II computer 

language by Hark Suifman, and the author,     neither of the pro- 

graaMsrs was faaiiiar with the FORTRAN language when the project 

was begun.     Soae, or perhaps, most of the programs  if written  in 

a more machine oriented  language,  such as FAF would require  less 

storage and less operating time.    However, due to the inexperience 

of the programmera, it was decided that the more mathematically 

oriented FORTRAN language could be utilized in a much ahorter 

time period. 

With the above mentioned conaiderations in mind,  it was 

decided that the general problem formulated in Chapter 3 must 

be limited slightly,  in order to write aome useful programs at 

the presmt time.    These limitationa have been incorporated in 

such a way that the difficulty in removing them ahould not be 

great, or should not require any fundamental changes in the 

programs.     First,  the problem was  limited to two-dimensional 

unsteady flow as discussed in Section 3>6.    This reduces the 

storage required    to a reaaonable quantity, and is rather 

simply carried through.    This restriction is also rather easily 

raareved and in most equations  (and therefore, alao in program 

statements), the neglected terms which would contain the third 

space coordinate can be re-introduced by inspection. 

To keep computing times reasonable,   it was decided to 

consider only a perfect gas in this Initial study.     Equilibrium 
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real gas thtmodynoiict can b« introduced m«r«ly by replacing 

Cha perfect gas thermodynamlc  subroutines with their real gas 

counterparts.    The addition of nonequilibriua effects will re- 

quire different cheaical and  theraodynsaic program«, and the 

■edification of SOSM of the programs  to include  the integration 

of  the species continuity equation along  the   stresaliae. 

There  is also an argument  for simplifying  the problem, 

other than because of prograoning restrictions.     The problem 

should be simplified as much as possible while  still retaining 

Its major features,  so that complexities  fron auxiliary sources 

such as  thermodynamic subroutines do not overshadow the more 

Important effects which are to be investigated.     Thus,  initially 

one space dimension can be dropped and a perfect gas considered. 

Then, after  the programs for  this problem are working the  further 

complexities of the  third  space dimension and more complicated 

thermodynamics can be added. 

The problem to be considered is  still very challenging, 

because  three independent variables are to be considered.     Few 

people as yet have had  success  in using the method of character- 
28 istics  for problems  in  three  independent variables.    Only  Butler 

kc 
and Talbot   ', utilizing Butler's formulation have considered    two- 

dimensional  unsteady flow.     Butler's approach is not exactly the 

method of characteristics as pointed out  in Section 3«1»  and it 

is not obvious that  it  can be easily extended to four independent 

variables.     The resulting programs will also allow the checking 

of  some  of  the proposed calculation schemes discussed in Section 

3.5. 
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4.2  Thg G<nTal Approach 

Three ■ubroutin«t that determine the location and flow 

propertlei at the tie Id, body .and shock points are the haart 

of tha progranned procedure.  These are the most important sub- 

routines and all of tha other subroutines and tha executive pro- 

gram (or main program, as it is termed in prograsming manuals) 

merely support and assist these subroutines in calculating the 

flow fields. 

Tha executive program organizes the points in the initial 

surface and calls the three principle subroutines to calculate 

new points on the next surface.  It then accepts the results 

from the subroutines and organizes the data in the next surface. 

These surfaces will be referred to as time surfaces, because 

they are usually close to being t* • constant planes.  The more 

general a type of flow the executive program can handle; the 

more complicated and sophisticated it must be.  In this initial 

study, the executive was kept as simple as possible and because 

of this, it is very much oriented to the particular type of flow 

field being solved. Hence, if a completely different type of 

flow is to be calculated, a new executive program would be 

required. 

It should be pointed out that the programs were written 

with the three basic subroutines for field, shock, and body 

points being supported by all other programs, because these 

are the fundamental elements in the calculation, and are 

universal to all inviscid flow problems.  Thus, they can be 
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utilised ic «11 other flow calculations of thia type, merely 

by aupplying the proper aupporting prograaa.  If the calculation 

of a new field, shock, and body pointa had been combined in 

larger programs together with other aupporting calculations, 

oriented toward apecific flow fields and boundary conditions, 

they could not have been utilized as readily in different 

flow calculations. 

The general program organization is shown in Figure 18, 

in the form of a calling sequence diagram. The three sub- 

routines to calculatie field, body, and ahock points hare been 

given the mnemonic names FLOPT, BDYPT, and SHKPT. The programs 

can be divided into four general sections as shown in the 

figure. The executive ia the firat section. In the second 

section, there are four subroutines which control interpolation, 

the number of pointa in a surface, and reading or writing data 

on the tape. The third section haa the subroutines which actually 

calculate new data pointa.  In the laat section, there ia only 

one aubroutine which doea an auxiliary interpolation. Three 

FORTRAN functiona are alao utilized. One ia named THETA, which 

ia called by TRUNET and PATCH. The laat two functiona carry 

out the thermodynamic calculations and are called ADET and 

ROEDET. A more detailed discussion of each of the aubroutinea 

ia given in the next section. /    * 

77 



1^3  Datailcd Dlgcu»«iont of the Progr—a 

In Che following discussions, only Chose techniques and 

procedure! which have not been discussed in Chapter 3 will be 

presented.  General flow diagrams and complete program listings 

are presented in Appendix C.  These discussions are intended 

Co poinC out Che function of Che programs, tho checking pro- 

cedures built inCo them and any unusual or special techniques 

which were found necessary to insure successful operation.  A 

knowledge of the FORTRAN II programning language and the IBM 

7090/94 Data Processing Systems is assumed (see References 46 

and 47). 

EaecuCive Program 

Aff mentioned in Section 4.2, Che execuCive program is 

orienced Coward solving a parCicular flow field. The execuCive 

considered here and listed in Appendix C is for Che flow in 

Che subsonic, transonic and supersonic regions between a de- 

tached shock wave and Che surface of a blunt body moving at 

high supersonic speed.  This program is an improved version of 

an earlier program which was used to calculate Che flow over 

a wedge in .; supersonic or hypersonic flow. 

This execuCive reads Che data for Che inicial surface 

from s Caps where it had been previously written in Che proper 

order and format.  The data is scored in Che common portion of 

the magnetic core storage in three large arrays, named FLPTS1, 

BDFTS1 and SKPTS1 for field, body, and shock points, respectively 
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The executive merely transfers various word« of data from these 

locations to other locations In the common storage, where the 

PATCH, FLDPT, BDYPT and SKKPT subroutines pick up the Input data 

for their calculations. 

Four data cards are read by the executive to specify 

auxiliary parameters. The first card contains numbers which 

specify what the program Is to do on a particular run, as ex- 

plained In the listing.  Free stream conditions are specified 

on the second card and the nondlmenslonallzlng velocity, U, 

together with the convergence test values are specified on the 

third and fourth cards. 

The organization In the executive calculates data on an 

odd nianbered surface which contains only field points.  It then 

uses these points together with the shock and body points from 

the Initial surface to calculate field, shock, and body points 

on an even numbered surface.  The detailed organization of the 

field points Is shown In Figure 19.  The new shock and body 

points are calculated using two field points from the rows 

closest to the shock and body surface on the odd numbered surface. 

The body and shock points required as base points are taken from 

the even numbered surface. 

After the executive has sequenclally calculated the 

specified number of new time surfaces, It writes the final data 

on tape.  This data Is In such a form, that the executive can 

read It from the tape at a later time and continue the calculation 
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SCAW 

This it a FAP coded subroutine which merely position! the 

date tepe to thet the proper date can be reed from it or written 

upon it. The dete is written on the tape in logical records 

sepereted by end of file marks.  Each logical record is the 

data for one initial surfece.  SCAN has one integer argument 

which specifies the logical record on the tepe which is to be 

read or written. 

ADDROW 

As can be seen from Figure 19, one row of points is lost 

for each step teken to e new surfece.  It is possible that in 

certain flows, such as the blunt body case considered here, 

that these points will be spread over e lerger eree et each 

step. The density of the points will then decrease.  ADDROW 

is used to edd more rows of points between the existing boundary 

rows by linear interpolation.  The rows must have been evenly 

spaced by TRUNET before ADDROW is called, because ADDROW assumes 

even specing in doing its calculation.though slignt variation in 

spacing can be tolereted by ADDROW. 

TROMET 

The location of points on e new surfece is a function of 

the spacing of the points on the initial surface, the velocity 

field and the speed of sound throughout the field. Because the 
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l«fC two factors cannot be controlled, the locetlone of the 

point! in the new turfecee tend to drift out of their Initial 

configuration after a few steps to new time surfaces have been 

■ade. TRUNET uses linear interpolation to "true up" the net 

in both tiaM and space. It can be called periodically after a 

few steps to restore the net to its original configuration. 

TRUNET is just a slightly different version of the 

executive program.  It uses an organization similar to the 

executives which is shown in Figure 19, but it calculates new 

points in a slightly different sequence, such that it can inter- 

polate between two even numbered surfaces. TRUNET first inter- 

polates in the time direction between corresponding points on 

the two surfaces obtaining the data at points on a constant 

time  plane.  It then equally spaces field points on lines con- 

necting corresponding shock and body points in the constant 

time plane.  Flow properties at these new field points are ob- 

tained by linear interpolation between three adjacent points 

in the constant time plane, which were previously determined 

in the interpolation in the time direction. Hence, TRUNET 

calculates two new surfaces (an even numbered, and an odd 

numbered surface), but also interpolates to obtain the data 

on a constant time plane at equally spaced points. 
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TIHTER 

This function merely fpeclfies the constant time at  which 

TRUNET if to place the constant time plane.  This time should be 

somewhere between Che two even numbered surfaces that are used 

in the interpolation in TRUNET.  The time is usually determined 

by calculating a typical point on the new surface being deter- 

mined.  If the time specified is not between the two surfaces, 

extrapolation rather than interpolation will be carried out in 

TRDNET.  The specification of the time was removed from TRUNET 

to the small subroutine, TINTER, to facilitate easy change of 

the specified time. 

PATCH 

The PATCH subroutine accepts the base points as input, 

aad determines the location and flow properties at the inter- 

mediate base points, so that the domain of dependence of the 

difference scheme contains the domain of dependence of the 

partial differential equations. This insures the numerical 

stability of calculation (see Appendix B). 

PATCH has four different options for locating the inter- 

mediate base points corresponding to values of 1, 2, 3, and 4 

of its first argument.  Its second «rgument is the convergence 

test value used in the iteration loop. The first option locates 

the intermediate base points for the field point procedure, as 

shown in Figure 20(a), and discussed in detail in Chapter 3. 

The second option was an unsuccessful scheme for the body and 
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•hock point procedures. A circle wet fitted ee ehovn in Figure 

20(b), end the points of tengency between the field points end 

body (or shock) points were used es the location of the inter- 

■ediete bese points. This scheme did ndt completely setisfy 

the stebility criterion end e mild instebility wes discovered 

in the results, sfter 10 or more time surfaces bed been cal- 

culated. 

The third and fourth options are successful schemes for 

the shock and body point procedures, respectively.  They both 

use the pattern shown in Figure 20(c).  First, an intermediate 

shock (or body) point is determined as an average of the shock 

(or body) bese points.  The intermediate base points are then 

located four tenths of the way tip the line from this inter- 

mediate shock (or body) point to the field base points. The 

only difference between the shock and body point options is 

that the intermediate shock point is used in SHKPT, while the 

intermediate body point is not used in BDYPT. 

Linear interpolation is used everywhere in PATCH. This 

part of determining the location of the intermediate base 

points was not included in the FLDPT, BDYPT end SHKPT sub- 

routines, so that if higher order interpolation were desired 

at a later time, it could be easily included by merely writing 

a new PATCH subroutine. 

PATCH has three error checking procedures in the first 

two options where iteration is necessary.  If the iteration does 

not converge in SO cycles through the loop, the calculation is 
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halted, control it transferred back to the celling program, end 

en error itateaent is printed off-line.  The sets of lineer 

elgebreic equations ere eolved using the M.I.T. Computation 

Center library routine XSIMEQ.  If over or underflow occurs 

while the equations ere being solved or if the matrix of the 

equations is singular, the computation is halted end appro- 

priate error statements ere printed off-line.  XSIMEQ is used 

in FLDPT, BDYPT end SHKPT, end the seme error checking procedure 

ie need in those subroutines. 

FLDPT 

The FLDPT subroutine calculates the coordinates end flow 

properties of e new point in the field, given the Intermediate 

base points calculated by PATCH.  It does this using three 

iteration loops; two for the third order Richmond scheme, to 

solve the Mach cone equations, end one to converge the solution 

to the compatibility equations to second order in the step size. 

The convergence tests, es proposed in Chapter 3, have the 

form 

^ <convergence test value 
suitable normalicing factor (^.1) 

where f is e typical quantity to be converged, end the in- 

equality must be fulfilled before the sequencing is releesed 

from the loop. Typice1 convergence test values range from 

0.0001 to 0.000001.  These tests sre employed on the inner 

end outer loops, but it was found thet the middle loop, which 
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teiti the coordinates of Che new point, sometlines could not 

converge them to typical convergence test values. This was 

because the residuals in the Mach cone equations had already 

been reduced to zero,to eight decimal digits which is the 

ultimate accuracy of the machine using single precision 

arithmetic. For this reason, the residuals in the equations 

are tested in the middle loop tests where typical convergence 

test values of 0.0000005 are used. 

At error checks, FLDPT has the same SO cycle limit on its 

looping as PATCH.  The SHKPT and BDYPT subroutines also have 

the same limits.  In each case, control is returned to the call- 

ing program, and an error statement is printed off-line together 

with the E, y, and t' coordinates of the point which did not 

converge. 

SHKPT 

The SHKPT subroutine calculates the coordinates and flow 

properties of a new point on the shock wave, together with the 

components of the shock wave normal vector.  It has three itera- 

tion loops as in the FLDPT subroutines.  The error checking pro- 

cedures and convergence tests are also exactly the same as those 

in FLDPT. 

It was found that in using equation (3*30) to calculate 

AN 11 , even though the quantity under the radical did not con- 

verge to a negative number, it was possible for it to take on a 

negative value during the outer loop iteration.  This, of course, 
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cauted the nuichine to error stop because it we« not prograimed 

to handle the imaginary number. This trouble was eliminated 

by testing N  and N  and using the smaller together with N  , 

in the expansion, (3.28).  Eliminating the largest component 

and solving for its correction using equation (3*30), insures 

that the quantity under the radical will not turn slightly 

negative during the iteration. This procedure has been in- 

corporated in the programs and seems to eliminate the trouble. 

BDYPT 

This subroutine calculates the coordinates and flow 

properties of a new point on the body surface.  It uses the 

same three iteration loops, convergence tests and error checking 

procedures as the SHKPT and FLDPT subroutines described above. 

It was found that in certain expansion regions on the body 

surface, the pressure could become negative in the outer loop 

iteration even though it finally converged to a positive quantity. 

This would cause an error stop in the ROEDET or ADET functions 

where the pressure is raised to a nonintegral power. To eliminate 

this trouble, the pressure is set equal to zero if it turns 

negative.  BDYPT checks the final value of the pressure before 

returning control to the calling program, and prints a warning 

statement off-line if the final converged value of the pressure 

is zero. 
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XCHAWC 

All reference! Co the function 

which describes the body surface have been removed from the 

BDYPT subroutine and placed in a subroutine called XCHANG.  This 

was dona Co minlnlre Che nunber of changes necessary Co consider 

different actions of Che same body or in certain cases, Che flow 

about different bodies. The general form of XCHAÄG Is given in 

Che form of a listing in Appendix C. 

XIlfTER 

This subroutine uses linear Interpolation to determine a 

flow property at a fourCh point given Che coordinates of three 

other points at which the flow property is known. 

ROEDET 

This function utilizes the perfect gas equation 

where 

Po - 2117 lb./ft.
2 

po - 0.002498 slug/ft.
3 

K - 1.4 

S0/R - 41.11 

R - 0.06886 BTü/lbm.0R - 1724 ft.2/sec2 0R 
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to compute    the density given the pressure and entropy. 

ADET 

Given the pressure end entropy,   this function determines 

the speed of sound using the perfect gas equation 

_r_   g      «   // (4.4) 

where the constants are given above 

THETA 

This Is s very simple function which determines sn angle 

in radians when given the opposite and adjacent sides of a right 

triangle. 



CHAPTER 5 

RESULTS ^ND CONCLUSIONS 

3.1 The Feasibility of Calculating Practical Flow Problems 

The feasibility of carrying out a practical calculation 

of an unsteady flow field hinges on whether the flow can be 

calculated Ir. a reasonable number of time steps.  An estimate 

of the number of time steps required can be obtained In the 

following manner.  The total time required for a practical 

calculation can be expressed as 

W =  -• (5-1) 
vave ls an average particle velocity In the field, L Is a 

typical body length and K Is the number of particles which must 

pass over the body during a typical transient motion or dur- 

ing one cycle of an oscillation.  K can also be considered 

the number of body lengths a particle must travel during a ty- 

pical transient motion.  Now the average time step Is related 

to the space mesh size by the following well known estimate of 

Its order of magnitude. 

At  * 0[_**/**<t  J (5.2) 

This can be easily derived by considering the geometry of the 

characteristics.  Now an estimate of the total number of time 

(5.3) 

steps Is given by 

C '   At    '      L ^ ^j    L^*» Äx: 

where 

Now   ^can probably vary between the extreme cases of 
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which glvea & f of 10  to 

which result» In a ^ o: 1000.  Hence, It appears that higher 

Mach number problems which do not require too fine a mesh 

spacing, Ax/L,   can be attempted with this method.  With the 

present programs,  which utilize linear Interpolation, the upper 

limit on ?■ seems to  be approximately 50 because of growing 

errors Introduced by the Interpolation. The use of higher order 

Interpolation should Increase this limit by a factor of perhaps 

three to four. 

Another area where the solution of two-dimensional un- 
Zift steady flow arises Is In hypersonic small-disturbance theory  . 

In this theory the flow over a three-dimensional body Is simpli- 

fied to consider the two-dimensional unsteady flow In plane 

slabs which sweep over the body at the free stream velocity. 

An estimate of the number of time steps required to do this sort 

of problem Is given by 

At -iL^r]   «•« 
Even for L/A* ■ 50 and M^ » 5, only 10 time steps are necessary 

to do the problem. Hence, It appears that most problems utiliz- 

ing hypersonic small-disturbance theory can be easily handled. 

5.2 Operational Results for the Programs 

The  results of a typical field polnc calculation are pre- 

sented In Table I. These results from "V PLDPT subroutine 
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are typical In the amount of looping required, the rate of con- 

vergence and the accuracy obtained In the Iterations.  Similar 

reaulta are obtained with the BDYPT and SHKPT subroutines.  It 

should be noted that the Inner loop usually requires three 

cycles of the Iteration while the middle loop usually satis- 

fies the convergence criterion the first time through the loop. 

The outer loop, which In general governs the amount of computa- 

tion time required, usually takes four to six cycles of the 

Iteration to converge.  The results are given to eight digits 

In Table I because this Is the number of digits used by the 

machine In the calculation.  Only the first four or five digits 

are significant, however. 

It can also be seen from Table I that the calculation Is 

converging very rapidly for at the bottom of the table are pre- 

sented the results of the same calculation with smaller conver- 

gence test values.  These results Indicate that the Inner loop, 

for example, has actually been converged to a convergence test 

value one order of magnitude smaller than required In the first 

calculation.  An additional two cycles through the outer loop 

satisfies a convergence test value two orders of magnitude small- 

er than the original value. 

These results might Indicate that the convergence test 

criteria could be eliminated and the calculation carried out with 

a fixed set of cycles through each loop.  This, however. Is not 

recommended without a very thorough study of the ranges of 

values of all Input parameters.  It Is very possible that for 
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certain areas of flow fields or certain network spaclngs addi- 

tional Iteration might be neceaeary to obtain reasonable accur- 

acy. 

The computation time required to determine the coordinates 

and flow properties at a new point Is very difficult to deter- 

mine precisely.  It depends on the convergence test values and 

on the variation of the flow properties at the base points (I.e. 

the size of the net spacing). Batlmates of the time required 

to compute one point have been obtained In the following man- 

ner.  The total time required to read the data from the tape, 

calculate two new time surfaces with a total of 600 to 1000 

points and write the data back on tape was divided by the total 

number of points calculated. In general the time ranged from 

0.25 to 0.45 seconds per point with an average approximately 

In the middle. Thlo  time, of course. Includes body and shock 

points and also the time required to load the Input data Into 

the proper subroutines.  It Is, however, a conservative estimate 

of the time required to determine a new field point. 

The executive program and subroutines listed In Appendix 

C together with required Input-output, library, and error 

tracing routines take up about 20,000 words of the magnetic 

core storage. This does not Include the common storage area 

where all the data Is stored. This storage requirement can 

be reduced by Improving the subroutines as discussed In Sec- 

tion 6,1. Several error checking and debugging routines brought 

In from the library could also be eliminated. It Is felt that 
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the minimum storage required for the programs lies somewhere 

between 10,000 and 15*000 words, perhaps closer to the larger 

figure. Thus, the original estimate In Chapter 4 that about 

half of the 32,000 word core storage would be needed for the 

storage of programs seems correct. 

The PLDPT, BDYPT, and SHKPT subroutines were individually 

checked initially using input data obtained from analytical 

solutions to rather simple flow fields.  The output was then 

checked against the known analytical solutions.  The one-dimen- 

sional unsteady motion of a piston in a cylinder of gas was 

used to check the PLDPT and BDYPT subroutines.  The motion of 

normal and oblique plane shock waves was used to check SHKPT. 

These checks were not exhaustive in that they covered large 

ranges of the input parameters.  Due to time limitations the 

checks were carried out only until reasonable assurance was 

obtained that the subroutines were working properly. The  sub- 

routines were given additional checks in calculating complete 

flow fields and the results of these checks are given in Sec- 

tion 5.^. 

5.3 Difficulties Encountered and Their Solutions 

In the course of programming and debugging this method of 

characteristics several difficulties were encountered which had 

to be overcome or avoided in order to carry out practical calcu- 

lations. It is felt that a brief description of these difficul- 

ties might help those who attempt to utilize or extend the pro- 

cedures presented here. 
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Probably the most fundamental difficulty encountered was 

the numerical Instability which arose when the tetrahedral char- 

acteristic line network was used Initially.  This trouble was 

eliminated by gaining an understanding of the basic cause of 

the Instability (see Appendix B) and then utilizing this under- 

standing to propose a modification to the network such that 

stability was obtained. The modified tetrahedial characteristic 

line network was the solution to this difficulty and the PATCH 

subroutine was the programmed form of the solution. 

It was pointed out In Chapter k  that the location of a new 

point Is a function of the spacing of the base points In the 

Initial surface, the local flow velocity and the local speed of 

sound. The last two factors cannot be controlled so that. If 

no effort Is made to control the positions of the base points, 

the net can become skewed. TTils In fact Is what happened In all 

the flow fields calculated.  After several time surfaces had been 

determined the last surface on which the flow was know became 

skewed so that It was no longer close to being a constant time 

plane. When the skewing got very bad the approximations which 

are used to determine the first estimate of the coordinates of 

the new point give very poor estimates. The Iteration process 

to determine the coordinates of the points then takes a large 

number of cycles to converge and eventually Is unable to converge 

at all. Hence, In order to be able to continue the calculation, 

the skewing must be controlled or eliminated.  The only way to 

do this Is to control the location of the points In the Initial 

surface. This was done by using Interpolation periodically to 
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eliminate the net skewing.     The TRUNK? and ADDROW eubroutlnes 

described In Chapter 4 were written to perform this Interpolation 

and to redistribute the points In the Initial surface. 

Some difficulty was encountered In choosing the proper 

form of the convergence tests In the three loops.    As discussed 

In Chapter 4,   It was found  that  for some of the smaller net  spac- 

Ings the residuals In the Mach cone equations were reduced to 

zero to  eight decimal digits before the coordinates had converged 

to four or five digits.     Hence,   It was found necessary to utilize 

residual  tests In the middle loops of the PLDPT,  SHKPT,  and BDYPT 

subroutines.     The outer loop tests also caused some trouble 

In these subroutines when one of the velocity components was 

close to  zero.     This trouble was eliminated by testing either 

the pressure or the total velocity magnitude,   whichever was 

greater.     In this way there Is almost no chance of trying to 

test a quantity whose magnitude in almost zero.     Quantities 

which pass  through zero are difficult to use In convergence 

tests because they cannot be suitably normalized. 

3.4    The Results  for Complete Plow Fields 

Blunt Body Flows 

The flow over a circular cylinder with Its axis normal  to 

a supersonic free stream has been considered as an Interesting 

and challenging complete flow field to study.     This flow Is of 

Interest  In that It has a detached shock wave which bounds the 

field on one side and the body surface which forms the boundary 

on the other.     The flow field Is  challenging because It contains 

both subsonic and supersonic regions and hence also has large 
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variations In the flow properties.    Obtaining the Initial steady 

flow,   from which unsteady flows can be calculated.  Is by no means 

a simple matter.    The steady flow Involves the solution of a 

mixed elliptic-hyperbolic problem with a free boundary.    Belot- 
hq 

scrkovskll  ^ has solved this steady flow numerically using the 

method of Integral relations. 

Figure 21 shows  the Initial data net used for the blunt 

body flows presented here.    These points and tne flow properties 

at each of the points were taker, from the tabular results pre- 

sented by Belotserkovskll.     The net was made more uniform by add- 

ing four rings of points by linear Interpolation.    The properties 

were given to three or four digits In the tabular presentation. 

Two strips were used In the method of Integral relations to ob- 

tain this Initial flow.     A complete symmetric net was obtained 

by reflecting the points about the x-axls. 

The highest free stream Mach number for which Belotser- 

kovskll presented results was five.    Unfortunately, when  (5.^) 

Is applied to this low Mach number case  (with K «  5, £ = 0.1 

and 4x/L - 0.03)  the estimated total number of time steps required 

for a typical problem Is 200.    Obviously this Is not a hyper- 

sonic flow and a complete calculation would require an excejslve 

amount of computation time.    For example,  with the net of 330 

points considered here,  200 time steps at one third of a second 

per point would require six and one half hours of conqputer time. 

Even if this large amount of computer time were available,  the 

linear interpolation utilized in these initial programs would 
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Introduce an Increasing Inaccuracy which would make the solution 

obtained after as many as 200 time steps only qualitatively cor- 

rect. However, because of the unavailability of higher Mach 

number solutions of two-dimensional perfect gas blunt body flows, 

the MÄ « 5 data of Belotserkovskll can be used to check the 

feasibility of carrying out practical calculations by consider- 

ing at least the Initial part of some unsteady motions.  TJie 

results obtained starting with this Initial data and considering 

several types of unsteady body motion are discussed In the fol- 

lowing. 

Pour different blunt body flow cases were calculated for 

presentation here. A steady flow was calculated by holding the 

body surface unchanged with time. The  second case warped the 

body symmetrically from a circular cross-section to an elliptic 

cross-section In a short length of time. A similar case was run 

with the warping done asymmetrically so that the final elliptic 

section was at an angle of attack of 20°.  Hie fourth case oscil- 

lated the body vertically (In the y-dlrectlon) with a 1 - COB cut 

time dependence. 

The steady flow was run to ascertain how well the calculation 

procedure maintained the Initial steady flow. It was expected 

that the linear Interpolations In PATCH, TRUNBT and ADDROW 

would Introduce growing systematic errors. As might be expected, 

the flow field tended to be "smoothed" as the calculation pro- 

ceeded In time. When linear Interpolation Is used to repeatedly 

approximate a function, the points which describe the function 
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tend to move toward the center of curvature of the function as 

shown in the following simplified sketch. 

Initial points 

after first linear 
interpolation 

after second linear 
interpolation 

center of 
curvature 

The rate at which they move is proportional to the curvature. 

Of course, the numerical solution of the partial differential 

equations considered here is considerably more complicated, but 

the linear interpolation might be expected to have the same 

qualitative effect.  This can be seen in Figure 22 where the 

body surface pressure is plotted. Note that the origin has been 

suppressed on the ordinate of the plot. 

■nie time coordinates of the time surfs ces for the four 

blunt body cases are given in Table II.  When only one time 

is given TRUNBT was used« and when a range of time is given the 

regular executive program was used. 

The body surface pressure was found to be the quantity 

which changed the most rapidly with time. The velocity components 

as shown in Figures 23 and 24 did not change as rapidly in time. 

In fact they drifted only slightly from their initial values. 

The pressure on the middle ring of field points shown in Figure 

23 has the same smoothing tendency. Note that the curvature in 
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Figure 25 Is lees than the curvature In Figure 22 on the body 

surface and that the rate at which the preaaure falle with time 

is less than that In Figure 22. Also note that In all flow 

properties except the u component of velocity, which changea 

only slightly, the tendency Is for the flow property to move 

toward Its center curvature as would be expected If the linear 

Interpolation were causing the drift. 

In Figure 26 the pressure along the axis of symmetry from 

the body to the shock Is plotted versus the x-coordlnate. 

Again note that the origin on the ordlnate has been extremely 

suppressed on this plot.  It appears that the falling pressure 

on the body surface caused by the linear Interpolation and the 

large "curvature" In preasure on the body surface actually In- 

troduces a mild expansion wave Into the field.  T^e drift due 

to the Interpolation appears to reach such a magnitude that It 

is "picked up" and propagated through the field as an expansion 

wave. 

The data from the two strip method of integral relations 

used here as Initial data should be accurate to at least three 

digits.  The two strip results are quite good as compared to the 

one strip results frequently used, which can be as much as 10^ 

or more too low for the pressure on the body surface in the expan- 

sion region beyond the sonic line^ .  Thus, it cannot be reasoned 

that the unsteady method of characteristics is trying to adjust 

the Initial steady flow data to a more accurate solution. 

Perhaps a smaller net spacing would have reduced the drift 
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due to the linear Interpolation (a short test case Indicated that 

it did), but becauae the finer net results In a shorter time 

step (see equation (5.3) )# the accuracy In calculating a given 

length of time for the flow would probably be about the same. 

Hence, It appears that higher order Interpolation will be required 

to Improve the accuracy of the calculation. The  particular net 

size chosen was also a compromise to keep the total computer 

time required to carry out 50 time steps for each of the four 

blunt body cases at a reasonable value. Each case required about 

one and one half hours of IBM 709^ computation time to calcu- 

late the 50 steps. 

It can be seen In Figures 22 and 26 that a small amount 

of asymmetry has developed In the field at the latest time steps. 

This was caused by a minor asymmetry In the organization and 

sequencing of the calculation by the executive program and TRUNET 

and can probably be eliminated by slight modifications to these 

programs. It was planned to call TRUNET at alternating time 

steps and to call ADDROW at every fourth step, but as can be 

seen from Table II this sequencing was not followed exactly. 

The sequence was disrupted because of human operational errors 

In the running of the programs. Because of the large amount of 

computer time Involved, the cases were not rerun to follow the 

sequencing exactly and some asymmetry In the final data resulted. 

It will also be noted that the range of y over which the calcu- 

lation was carried out decreased slightly as the calculation 

was continued In time.  This was because the Initial data did 

not continue out Into the supersonic region far enough so that 
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the Mach cones leaned far enough downstream to make their Inter- 

sections lie even further downstream. Thus, the total area cover- 

ed by the calculation on each time surface did not Increase, but 

decreased at such a slow rate that It did not Introduce much 

of a restriction In the four blunt body cases considered. 

A typical fluid particle entering the shock wave at 

about 30° above the axis of symmetry (near y » 0.8 In Figure 21) 

has an average velocity through the field of 2000 fps.  The total 

time calculated In the 50 time steps was about 0.00025 seconds. 

The particle moved 0.5 feet In the 50 time step and passed 

about half way through the flow field being calculated. In 

order to watch five such particles pass through the field 500 

time steps would have to be calculated.  This agrees with the 

order of magnitude estimate made above for this particular net. 

The second and third blunt body cases considered were 

specified by the following equations for the body surface: 

for 0 < t'w UB t,        t 

4-/z5^V^ X^sm ^^^^^os'cx '1-0 (5.6a) 

and for t^ UB 

(5.6b) 

I 

^»(^^„Vj- 1 = o 
where 

A -   I.OS 

and ö(» 0° for the symmetric case andO<= 20° for the asymmetric 

case which results In an ellipse whose semi-major axis Is 5% 

longer than Its seml-mlnor axis.  The seml-major axis lies along 

101 



the x-axlB for the symmetric case and has a positive angle of 

attack of 20° for the asymmetric case.    Note that the transition 

from the circle to  the ellipse takes place smoothly using one 

half period of a cosine function. 

Figure 2? shows the body surface pressure for the sym- 

metric warping case.    The pressure rises to a maximum on the 

eighth time surface when the body surface has Its maximum velo- 

city.    It then falls to a level slightly below the Initial pres- 

sure due to the slowing of the body motion.     On the sixteenth 

surface the body motion has stopped.    The pressure then tends  to 

drift downward as In the steady flow In Figure 22.    It appears 

that the steady flow downward drift has been superimposed on the 

basic unsteady flow and that.  If the drift were removed with 

higher order Interpolation,   the stagnation point pressure would 

return to the same value It had Initially as  Is to be expected. 

The compression wave traveling from the body surface 

toward the shock wave can be seen In Figure 28.    The peak pres- 

sure In '   e wave falls as the wave moves away from the body 

because of the two-dimensional nature of the wave.    The wave 

speed relative to the fixed coordinate system as determined from 

the plot Is approximately 2500 fps.  Initially and about 1500 fps. 

at the later time surfaces.    Due to the low fluid velocity In the 

stagnation region,   these values are approximately equal to the 

speed of sound In the field at these locations.    For example, 

the speed of sound near the body surface Is approximately 2200 

fps.  so that a compression wave only slightly stronger than a 
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sound wave has been obtained.  Note that a small expansion region 

has developed In front of the compression wave.  Of course this 

could not have been Introduced by the body motion, but appears 

to arise from the pressure decrease caused by linear Interpola- 

tion which was shown In Figure 26 In the steady flow and dis- 

cussed above. 

It can be seen from Figure 28 that the net Is very coarse 

In the x-dlrectlon.  It Is almost too coarse to Indicate pro- 

perly the structure of the wave.  It was necessary, however, to 

use this coarse a net and a fast body motion In order to carry 

out the calculation In a reasonable length of computer time. 

In the 48 time steps calculated the wave has Just reached 

the shock wave.  The shock wave reacts properly to the wave 

In that It moves slightly toward the body when the small expan- 

sion region first hits and then moves more rapidly away from 

the body when the stronger compression wave strikes.  From the 

decrease In amplitude of the wave In going from the body to the 

shock once, It appears that the transient time required for the 

flow to attain a steady state might be four times what has been 

calculated here. This agrees with the crude estimate of 200 

time steps given at the first of this section. 

The results of the asymmetric warping case are shown In 

Figures 29 and 30. The body surface pressure rises and falls 

In exactly the same way as In the symmetric case, but the dis- 

tribution of the pressure along the body Is now asymmetric.  On 

the eighth time surface where the peak pressure Is attained the 
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stagnation point has shifted up to a point 9° above the original 

axis of symmetry* After the body warping has stopped the stag- 

nation point holds fairly steady at 5°. 

The velocity vectors on a portion of the l6th and 3^th 

time surfaces fire shown In Figure 30.  An Idea of how far the 

compression wave has moved In the field by the l6th and B^th time 

surfaces can be obtained from Figure 28. In the l6th time sur- 

face of Figure 30 (a) the compression wave propagating toward the 

shock from the body can be clearly seen. Nc ce that a region In 

which the gas Is actually flowing upstream has developed next 

lo  the body. The asymmetry Is evident In the compression wave 

between the wave front and the body. This asymmetry can also 

be seen In Figure 30 (b) where the compression wave has traveled 

three quarters of the distance from the body to the shock. The 

compression wave has spread and weakened so much that there Is 

no longer an upstream flow region. The approximate location of 

the streamline which passes through the stagnation point has been 

sketched on the figure. 

For the fourth blunt body case, the vertical oscillation 

Is described by a body surface equation of the form 

^a,<!'J= JT'+Cj-Zl^sBt'-l]]1-! = O  (5.7) 
where 

A - 0.02 ft. 

B - 25 ft."1 

The frequency of the motion Is 7960 cycles per second and the 

reduced frequency Is 

k   =    W*/Ko   • lO.ZS (5.8)     . 
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This nigh frequency was chosen so that several periods of mo- 
tion could be calculated In the 5^ time steps  considered. 

The results of the calculation In the form of body sur- 
face pressure plots are given In Figure 31.     The quasi-steady 
prediction of the maximum amplitude pressure distribution Is 
shown In Figure 31(a).    This quasi-steady distribution merely 
shifts Instantaneously adjusting to the new effective free 
stream velocity obtained by vectorlally subtracting the body 
velocity vector from the steady free stream velocity vector.     It 
can be seen In the figure that the stagnation point pressure on 
the fourth and sixth time surfaces,  which fall on either side 
of the maximum amplitude time,  agree rather well with the quasi- 
steady value.     The location of the stagnation point Is at about 
a 50^ greater y-coordlnate than predicted by the quasi-steady 
result.    TJiere Is also a marked asymmetry In the pressure 
distributions which Is not predicted by the quasi-steady re- 
sults. 

No shift In the phase angle between the pressure oscil- 
lation and the motion of the body could be detected In the two 
cycles of motion calculated.    The stagnation point pressure at 
the maximum pressure amplitude positions fell as the calculation 
was continued In time.    This Is probably the same effect noted 
In      Figure 22 for the steady flow because the stagnation point 
pressure Is falling at exactly the same rate of about ijjj 
per time step.    The Introduction of higher order Interpolation 
should eliminate this downward drift. 

Wedge Flow Check Cases 

The first complete flow field to be analyzed was super- 
sonic flow over a wedge of a perfect gas with Y - 1.4,    The 
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executive program was a simplified form of the executive used 

for the blunt body and described In Chapter 4. Net configura- 

tion» similar to the one shown In Figure 32 were used In approx- 

imately 230 separate flow field calculations. 

The main purpose of the calculations was to check the 

various parts of the programs against known solutions. No 

attempt was made to carry out useful flow calculations. Note 

In Figure 32 that no attempt was made to extend the calculation 

to the point of contact of the shock wave with the wedge tip. 

This would require a separate program to calculate the special 

point which lies both on the shock wave and the wedge surface. 

Ttils attached shock point could hj  easily calculated on a quasi- 

steady basis anyway. If It were needed. Because the flow Is 

entirely supersonic, the area which can be calculated from the 

Initial data decreases with each time step. One column of points 

running from the shock to the wedge Is lost with each time step. 

Hence, only as many time surfaces as there are columns of points 

can be calculated.  This limits the extent of the calculation, but 

this simple test case was only meant to check the complete pro- 

cedure. 

nils flow field served as a very good check case. Various 

programming errors became apparent and many program Improvements 

were determined.  One major discovery was the numerical insta- 

blllty discussed above In Section 3*3* This Instability was 

studied and eliminated using this wedge flow. 

A few Nach three flows were calculated, but most of the 
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flows had a free stream Mach number of nine and a 30 shock 

wave angle.  Hundreds of runs were made either with the wedge 

surface held steady In time or Impulsively moving It up or down 

at right angles to the free stream velocity.  A few runs were 

made with changing free stream conditions or with an Irregularly 

shaped shock wave. Most of these calculations were made while 

the programs were being debugged and Improved so that only a few 

of the last calculations performed can be considered meaningful 

results. 

It was felt that rather than repeat many of the wedge flow 

calculations after the programs worked well, more could be learned 

by proceeding to more Interesting and complicated flow fields. 

Hence, only the results of the last few wedge flow calculations 

are presented here.  When the wedge surface was held steady, the 

steady flow results held constant to six and seven digits.  This 

was to be expected because the flow properties were constant In 

the field between the shock and the wedge surface.  No outer loop 

Iteration was necessary and only the coordinates of new points 

had to be determined.  The results of four calculations In which 

the wedge surface was Impulsively set Into* motion upward at 

t =0 are presented In Figure 33. The wedge was moved upward 

at four different velocities.  This gave rise to a compression 

wave which propagated from the wedge surface out toward the shock 

wave.  This Impulsive upward velocity Is equivalent to an In- 

stantaneous Increase In ^the wedge angle.  The Instantaneous 

acceleration also corresponds to a corner or discontinuity 
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on the body surface.  The flow about bodies with discontinuous 

surfaces or comers cannot be calculated with the present pro- 

grams as was pointed out In Chapter 3. Small comers should 

Introduce only small errors In the flow calculation, but these 

errors will grow with the size of the discontinuity. The results 

of these wedge flows can be used to determine the size of the 

body surface discontinuity which can be tolerated without Intro- 

ducing large errors Into the flow calculation. 

In Figure 33(a) the pressure on the wedge surface for 

steady flow calculated with the oblique shock equations (Refer- 

ence No. 50) is plotted versus the pressure on the wedge surface 

at the latest time that could be calculated before no more points 

were available to continue the calculation.  The disagreement of 

the pressures Increases with the Instantaneous wedge angle change 

for two reasons. One Is that, for larger Impulsive angle changes 

which correspond to body surface discontinuities, the finite 

difference approximations become less accurate as mentioned 

above. Actually, very large angle changes could lead to the 

formation of shock waves. A tendency for the compression waves 

to steepen was noted In some of the calculations even though 

the formation of a shock cannot be accurately calculated with 

the present programs.  The second reason for the Increasing dis- 

agreement Is that the flow field had not settled to a completely 

steady state at the time of the last step In the calculation. 

It appears that the body surface discontinuity Is too large for 

the fourth run which has an Instantaneous angle change of 2.37°. 
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Hence, the area to the right of the shaded region probably corres 

ponds to a body surface discontinuity which Is too large. 

Figure 33^b) compares the Mach number behind the shock 

from the oblique shock equations with the Mach number from the 

numerical calculations.  The Mach number was obtained Indirectly 

from the numerical results by using p and s to determine a which 

was then divided Into the velocity magnitude.  These Mach number 

results seem to be a little less accurate than the pressure re- 

sults, but seem to have the same trend. 

Figure ^U  shows a typical time history of the pressure 

along the wedge «urface. These results are from case number ^ 

of Figure 3^. The variation of pressure along the surface on the 

8th, 12th, and 18th time surface Is well within the accuracy 

to be expected for the convergence test values of 0.001 used In 

the calculation.  The variation on the 4th surface Is slightly 

larger than might be expected, but It Is possible that the abrupt 

nature of the Instantaneous vertical motion caused some Initial 

spurious transient.  It Is also possible, however, that the vari- 

ation results from a combination of the organization used In 

the executive program and the Iterations In the various subrou- 

tines so that the results are not as accurate as the single con- 

vergence test value of 0.001 might Indicate. 

^.3 Conclusions 

The solution of unsteady two-dimensional flow fields by 

the method of characteristics Is feasible and practical at- 
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the present time utilizing presently available high apeed elec- 

tronic digital computers. The  solution of the more difficult 

problems Involving nonequlllbrlum thermodynamics or three-dimen- 

sional unsteady flows Is marginal with existing computers but 

should become completely feasible with the next generation of 

computers which will appear shortly. 

The problems being considered here Involve large amounts 

of Input and output data.  For example, the output data from the 

four blunt body cases discussed In the previous section was In 

the form of approximately one half mllllon«elght digit numbers. 

The handling and analysis of this data was by no means a simple 

task. The development of methods and devices for quickly hand- 

ling large amounts of data and displaying It quickly In graphical 

or other useful forms Is mandatory. 

The Introduction of higher order Interpolation Into the 

programs Is absolutely necessary In order to obtain high enough 

accuracy to solve engineering and scientifically useful problems. 

The preliminary conclusion of Chapter 1 that the method charac- 

teristics Is potentially the most accurate of the three methods 

considered there has had no doubt cast upon It by the results 

of this study. Quite to the contrary. It appears that rather 

encouraging results were obtained despite the very crude linear 

interpolations used to obtain the results. 

The utility of the method of characteristics applied to 

multl-dlmenslonal flow fields Is obvious. In the course of trying 

to decide what flow fields should be calculated as typical example 
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cases, so many came to mind that the choice was difficult. 

Many Interesting unsteady hypersonic flows, which were the moti- 

vation of this study, can be calculated with the method.  The 

vertical oscillation of the blunt body presented In the previous 

section Is Just one Interesting example.  Other types of oscil- 

lations or transient motions can easily be handled with the method. 

Interesting steady flows might be determined by starting from 

some known steady flow and passing through a specified transient 

to a second more Interesting and perhaps previously unknown 

steady flow.  The symmetric and asymmetric warping results pre- 

sented In the previous section give encouraging Indications that 

this technique Is feasible and practical.  Many other Interest- 

ing applications of the method can be easily thought of by 

merely letting the mind wander. 

One limiting aspect of the method Is the large amount of 

Initial data required to start the solution.  Many theories are 

available to give certain specific details of flow fields, but 

the complete details of entire flow fields are seldom determined 

and hardly ever published. For this reason the application of 

the method might be somewhat limited, but there Is the Intrigu- 

ing possibility of specializing the general method In certain 

cases so that It could determine Its own Initial data.  For 

example, the Initial conditions for a three-dimensional unsteady 

flow might be obtained by using a specialized form of the general 

method to solve a three-dimensional steady supersonic flow. 
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CHAPTER 6 

EXTENSIONS AND FUTURE DEVELOPMENTS 

6.1  I—aedlate laproveaentt to Exiating Progrint 

The existing program!» listed in Appendix C ere fsr from 

being optimized with respect to operating time and storage re- 

quirements.  A few improvements which can be made to these pro- 

grame, are listed in this lection. This is not an exhaustive 

list of improvements, but includes those changes which appear 

advantageous from results obtained through operation of the pro- 

grams, up to the present time. 

The iteration loops in the subroutines could be improved 

by using both residual tests and convergence test criteria in 

the form of (4.1).  Then, if the convergence test value were too 

small, the residual tests could still release the calculation 

from the loop.  Conversely, if the convergence test values did 

not require that the residuals be reduced to zero to eight 

decimal digits, some computation time could be saved by releas- 

ing the calculation from the loop as soon as the convergence cest 

criteria were satisfied. Of course, residual tests can be applied 

to only those loops which are solving algebraic equations, be- 

cause residuals do not exist for the loops which are integrating 

differential equations.  As pointed out in Section 3.2, the 

inner iteration loops in FLDPT, BDYPT, and SHKPT can be elimina- 

ted by more closely utilizing the third order Richmond iteration 

scheme. This might reduce the computation time required Co 
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datcniiM thm  coordiMttt. 

Th« «JMCIICIV« progr«B and TRÜHET can b« coabliiad into 

on« program with a length slightly longer than TRURET'•. In 

the process of writing this conbined progrsn, the possibility 

of using higher order Interpolation should be investigated. 

Wore labeling of the printed output could slso be included in 

the program, together with more options for suppressing or ob- 

taining the large quantities of output. 

The PATCH subroutine can be extensively improved.  First, 

the unsuccessful option for locating body and shock points dis- 

cussed in Section 4.3 can be removed, and the eise of the pro- 

gram substantially reduced. The iteration loop tests can be 

improved as discussed in the second paragraph of this section. 

Higher order interpolation could be substituted for the linear 

interpolation currently used in the subroutine. 

The convergence criterion for the components of the shock 

wave normal vector could be studied and perhaps improved.  In 

the current SHKPT subroutine, the convergence test value has 

been arbitrarily set at ten times the outer loop convergence 

test value. 

Finally, the executive and also, the TRUHET programs could 

be much more efficiently written in the FAP computer language 

because they ere basically manipulative, rsther than arithmetic 

programs. Of course, probably all of the programs could be im- 

proved somewhat if written by skilled programmers in FAP. 
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6.2 fututm P«vlop—nti 

At iMnClofi«d In Chaptars 1 and 4, «hanavar Ilültacloni 

«ara Introduced into tha problaa baing eonfldarad, thay war« dona 

In fuch a «ay chat chay could- ba most aasily raaovad at a latar 

Ciaa. For instanca, tha nonorthogonal Thomhill coordlnata tranf- 

fOrnation dltcuntad in Section 3.2 could hava baan utad to •in- 

pllfy tha two-dlaanslonal unataady flow calculated hara. But, 

It was not uaad bacauta no ganaralisad transformation of this 

typa it availabla to siaplify tha thraa-dianntional unttaady 

problaa.  In thl« »action, davalopnantf art discustad which can 

ba addad to tha prograai in tha futura. It it fait that no 

fundaatntal change! will be nacaitary in tha progrant, or the 

analytie to carry out these extentions. 

The progress can be extended to consider three-diaansional 

unsteady flows whan the newest computers, which are being built 

at the present time, are available. These machlnei will have 

magnecic core atorage unite of 130,000 to 260,000 words, and 

will make tha solution of multi-dimenaional problems practical. 

Tha addition of a aingle apace dimension to the programa pre- 

aanted here ahould be rather simply accomplished. The double 

Itaration process to solve the four Nach hyparcone equations, 

(3.4a)v was programmed and debugged to check the feaaibility 

of the proceaa for four independent variablea. The program 

wee written in auch a way that the equatlona for three Mach 

conea in two-dimenaional unataady flow could alao be aolved. 

The program worked vary wall, but it waa concluded that ita 
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length mit Increased to a large extent because both three and 

four Independent variable solutions could be determined, rather 

than Just one or the other. 

Changing the program« to consider equilibriua, real gases 

is a rather sisqple process, as mentioned in Chapters 3 and 4. 

The only practical drawback might be prohibitive increases in com- 

putation time. This too, could be overcome by the new computers 

to be available shortly which will use multiple processing methods 

and equipment to decrease the time required to complete a given 

calculation. 

Nonequilibrium flows can alao be attempted with these 

higher speed machines. The inclusion of the integration of the 

species continuity equation along the streamline, will require 

major modifications to the existing programs, but experience being 

gained at the present time in calculating two-dimensional steady 

nonequilibrium flows, can be utilized to facilitate the modifica- 

tion. The increaaed ftcrage capacity and higher speed of future 

machines should make the calculation of this most general flow 

poasible. 

In considering more general problems, points falling on 

interior shock waves, contact surfaces and expansion waves must 

also be calculated. These might result from bodies which have 

corners and other discontinuities. Procedures can be developed 
28 to calculate such points (see Butler  , for example).  Subroutines 

similar to the FLDPT, BDYPT, and SHKPT will have to be written 

for these more complicated situationa. These subroutines appear 
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at iMSt f«atibl«v but will raqvlro «a «ztantiv« progrMMinf 

•ffore to writ« a practical tot of «ubroutinot. 

In tho aor« distant futum, it if poaslbl« that a unlvartal 

lovladd flow prograa could ba d^valopad which aolvad tha thraa- 

diatofional, unataady, iaviacid, nonaquilibrlua flow of an arbit- 

rary alxtura of gaaai about a ganaral body. Tha prograa could ba 

arittau ia auch a «ay that it could alao do problaas which ara 

apacial aiaplif lad caaaa of tha «oat ganaral flev. At tha praaant 

tlM, thara ara many roadblocka to writing auch a prograa in a 

practical for«, but thara appaar to ba no fundaaantal raaaona why 

auch a prograa could not ba craatad. 

It ia poaaibla that aoaa~day, thia prograa could ba coa- 

binad with othar prograaa that coaputa boundary layara or othar 

portioaa of tha flow whara viacoaity, haat conduction, and dlf- 

fuaion aight ba iaportant. Elactroaagnatic affacta aight alao ba 

iacladad. At praaant, aoaa paopla ara thinking about uaing com- 

putara aa daaign toola, ao that daaignara or invaatigatora working 

at now aad yat to ba davalopad input-output davicaa, could interact 

diractly with coaputara in tha daaign procaaa. Than, for 

»la, aa aircraft or apacacraft daaignar could uaa tha ganaral 

flow fiald prograaa diacuaaad hara, togathar with atructural atraaa 

aaalyaia prograaa, haat traaafar prograaa, control ayataaa pro- 

graaa, ate. to work at a coaputar coaaala and quickly and affi- 

eiaatly daaign tha vahicla. Tha prograaa would ba writtan auch 

that tha output of ona would ba uaad aa input for aavaral othar a 

aad vlca varaa. Thua, thay could ba uaad in an itarativa aannar 
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Co opclals« thm  dttign. Afttr th« vchicl« it dm§igamd9 it  if 

ooncaivabl« that it coniJ b* built tnd att«ibl«d by «vtOMt«d 

■achin« Cools which aro directly connoctcd Co cho coaputcr uaod 

in cho design proccti. 

IC «ppcsn that there ere vest possibilities for the 

tttilisetion of high speed electronic digitel coaputers end 

nuesrricel solution aethods in solving coapliceted nonlineirr 

problems. This Is especielly true «hen very general boundary 

conditions end complicated physical processes must be considered. 
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AFPHDIX A 

A Brlaf tmwimw of thm Thtonr of Chracf rlttici 

Tho BAthiMitlc«! choory of charactorlttlcf for hyporbollc 

partUI dlfforonclal oqiutionf if voll dovolopod «ad it con- 

•idortd clattical. Tho eoaplot« theory will not bo roiCoratod 

bora. Only thoM propartiat aad aqaationt utilised in davalop- 

lay tha particular noaorical aathod of concarn to this analyfit 

ara praaantad. For tha eoaplata aathaaatical thaory, tha raadar 

it rafarrad to Chaptar 6 of tha tacond volaaa of Courant and 

■ilbartJ . Tha thaory appliad to tha flow of a coaprottibl« 

flaid it ditcattad by von Mitat38 (pp. 100-13^). 

Ccmtidar a tat of quati-liaaar firtt-ordar partial dlf- 

faraatial «qaationt which can ba writtan in tha for«* 

AL:k tat ^ Bj - o (A.D 

Qaati-liaaar aaaat that tha highatt-ordar darivativtt appaar 

to only tha firtt dagraa. Rota that contidaring firtt-ordar 

•qaationt it not a rattriction bacaata highar-ordar tatt of 

aqaationt can bo reduced to firtt-ordar by defining neu 

variablat. In (A.l), 14. it a general dependent variable, and 

XJ aa Independent variable. A^.^ aad B. are functions of *. 

* The index taaattion notation of Cartatian tenters it 

aaployad. 
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and x^ only.   Hwtt, (A.l) it CraotfonMd to a ii«v Mt of co- 

ordlaatot, 0B. 

^ .t it+ Bj = o 

Contidtr a manifold of on« lost dlaonslon than tha parant 

•paca, ••§., for thraa indapandant varlablat, a two-diaanslonal 

•urfaca.  Lat tha manifold ba given by 

ßj - constant (A.3) 

upon which y^ and all 6 U^/  d &m  except   d«k/ 3 ßI «re given. 

Tha  ^^k^  ^1 *r9 to be d«ter,Dlned by using equations (A.2). 

If (A.2) ara considered a complete sat of algebraic equations 

in tha  ö U^/ dß-i,  they can be solved for   ^Uu/ 6 &i  only if 

The manifolds for which (A.4) is not true ara the characteristic 

manifolds, e.g., for three independent variables — a character- 

istic surface. Thus 

is termed the characteristic equation and defines the character- 

istic manifolds. Mote that when «k and  6 iAk/     6^m  (m ^ 1) 

ara given on the characteristic manifold, ^ Uu/ ^0| cannot ba 
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d«ccnilii«d froa (A.2) IMCAUM of (A. 5). Thit it oam  property 

of tho eharactorlttlc manifolds. Thoro aro othor proportlot 

which could bo and have boon uaod to daflna thaa, hut thata all 

Xaad to tha taaa characteristic aquation, (A.5). 

Hast,consider a linear combination of tha equations (A.2), 

which can be written In the form 

>jAijk &*  & +  A; Bj - O (A.6) 

or thla can alao be written In the form 

C.|. + ^tE.*./F.*.t...tS-0   U.» 

where the definition of the new aynbols  la 

«k "  Msik 5S <A'8c) 

F
k -   Aj ^ijk ifr (A.8d) 

C -    Aj   ßj (A.Sa) 

120 



On th« ch«r«ct«rlftlc manifold given by 

ßi - contt«nt 

(A.3) holds, to   A. can bn found such th«t 

CL = IjAut   M1 = O (A.9) 

Then, on the characterlit1c annifold, equation (A.7) het Che 

fan 

i>*$*t*f.'r'$+■■■**•''    <A•■0, 

where D^, E^, F^ end G ere given by (A.8b) through (A.8e) end 

A j ia determined from  (A.9). Equation (A.10) is celled Che 

conpetibility equation and has Che useful property ChaC derive- 

tives normal to the characteristic manifold do not appear.  In 

general, Chere might be more than one compatibility equation for 

a parCiculer characteristic manifold, but there must be et leest 

one such equation.  The compatibility equations are basic for the 

method of characterist lea. 
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APPENDIX B 

\ Note on Sf bllity 

Consider a »et of first order hyperbolic partial dif- 

ferential equations of the form 

tf _ f rä 
where f i« a vector made up of n dependent variables, oc     are 

■ space coordinates and A are real constant, coefficient matrices 

52 
Courant, Friedrichs and Lewy^ determined that a necessary con- 

dition for convergence of a difference scheme for this set of 

equations is Chat the domain of dependence of the diffrence 

scheme must contain the domain of dependence of the differential 

equation.  Hahn -^ , using the work of Lax   , showed that for 

simpllcial difference schemes (i.e., schemes that use a minimum 

nieiber of points in the initial surface to determine a new point) 

the Courant-FriedrichS-Levy condition is sufficient as well as 

necessary for convergence, and therefore, also for stability. 

The linearised equations for inviscid nonequilibrium 

three-disMnsions 1 unsteady flow can be put in the form of equa- 

tion (B.l). The equation for one- and two-dimensional unsteady 

flow and two- and three-dimensional supersonic stesdy flow also 

have this form. Hence, the stsbility and convergence criterion 

mentioned in the above paragraph applies, at least locally 

(because of the linearisation), to these types of flows. 
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It It poffible  to remove  the restriction that the criterion 

applies    only locally    because of the linearisation if the equa- 

tions and the true solution possess a certain degree of saoothness. 
55 Strang      has shown that,  if the equations and their solution possess 

enough continuous derivatives,  then the convergence of the full 

nonlinear equations depends on the stability of the linearired 

equations.    The existence of the continuous derivatives of the 

solution cannot be proved before the solution is known,  but   it 

night be expected that for "reasonably well behaved" physical 

problems, the solution will possess the required degxae of 

smoothness. 

This stability criterion can be applied to the basic 

finite difference networks proposed for problems with three  in- 

dependent variables, and discussed in Section 3.1«    The tetra- 

hedral characteristic  line network of Figure 5 is found to be 

unstable when the stability criterion is applied.     A good approx- 

imation to the domain of dependence of point P.  in  the initial 

surface,   is a circle through points P,.  P.,  and P~.    This  is   the 

domain of dependence for the partial differential equations. 

The domain of dependence of the difference net  is the triangle 

with vertices at P,,  P^,  and P^  (formally termed the convex hull 

of th3 difference scheme).     The domain of dependence of the dif- 

ference scheme does not  contain the domain of dependence of the 

differential equations, and therefore,  does not fulfill the 

stability criterion. 
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Physically, the •tabillty criterion teens very logicel, 

because it is not herd to Imagine that in certain areas of a 

flow field, points lying within the circle but outside the tri- 

angle circtaiscribed by the circle, could have a large influence 

on the new point being calculated. However, in this network, 

effects of points outside the triangle are not taken into account 

in the nuaerical calculation, so that the solution could be 

erroneous. 

To insure stability, a modification to the tetrahedral 

characteristic line network (shown in Figure 6) is proposed. 

Starting with the original base points P,, P-, and P^, inter- 

■ediate base points P, ~, P^^, end P.^. are deterwined by in- 

scribing s circle within the triangle with vertices st the 

base points. The points of tangency between the circle and 

the sides of the triangle are chosen as Intermediate base points 

snd the flow properties at these points are determined by inter- 

polation. The intermediate base points are uaed in exactly the 

saae way as the base points, P, , P,, snd P;, were used in the 

original network.  This modified network fulfills the stsbility 

criterion, in thst the circular domain of dependence of the dif- 

ferential equations falls within the triangular domain of depend- 

ence of the difference scheme. If the same base points sre used 

to calcuUte a new point with both the modified and unmodified 

networks, the step sise from the initial surface to the new 

point is smaller for the modified network. Thus, the use of the 

modified network requires s Isrger number of calculations to do 

a given problem, but it is well known that, in stsndsrd finite 
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difference techniques, decreeiing the step sice has e stabi- 

lising influence. 

A masericsl cslculstion has been asde of the flow of 

s perfect gss about a circular cylinder with its axis normal 

to a Hach 5 free strean.  Both the modified end unmodified net- 

works were used to calculate the flow with the body surface held 

constant in time.  It wes found that the pressure along the axil 

of sysBMtry wss the most sensitive indicetor of the onset of 

instability. Figure 33 shows plots of the pressure ratio versus 

the coordinate parallel to the free stream velocity for points 

closest to the axis after various time steps in the calculation. 

Network A is the unmodified tetrehedral characteristic line net- 

work, while Network B is the modified form of the same net.  Note 

that these points are not located exactly on the axis of symmetry 

and do not have exactly the same space coordinates at each step, 

so that the magnitudes of the pressure ratio should not be exactly 

the same on each plot, but they do very graphically Indicate the 

onset of instability.  The instability with the unmodified network 

had grown so large by the eighth step that calculation could not 

be continued, whereas no instability has been detected while using 

the modified network. 

The tetrehedral characteristic surfece network is elso 

simplicial and is found to be stable when the stebility criterion 

29 is applied. Tsung  utilised this network and indeed, found no 

instability in his calculetions. 
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The laic three networks discuited in Chapter 3 end shown 

in Plguret 8 to 10, ere not slmpllcial end the stability criterion 

cannot be formally epplied.  The physical argument given in the 

fifth peregreph of this Appendix would still seem to epply to 

these networks, however. Hence, application of the criterion 

would seem to give some insight into the stability of the net, 

even though it does not formally epply. 

It eppeers that these three networks might be unstable, 

if only the locel net configuration is considered.  However, 

-in 
Moretti, et.el.  has utilized the network of intersections of 

28 
reference plenes with cherecteristic surfeces, end Butler  , the 

pentehedrel bicherecteristic line network, end they encountered 

no instebility in their calculations.  Closer examination of the 

networks reveels thet in eech of the calculations, the base points 

in the initlel surface must be moved ebout in the initiel surfece 

es the solution et the new point is obteined by iteration.  This 

requires thet the properties et the base points must be obteined 

by interpolation in the initiel surfece.  The interpolation schemes 

used by Moretti end Butler ere such thet they effectively increese 

the domain of dependence of the difference scheme to the extent 

thet it contains the domain of dependence of the differentiel 

equations.  Hence, the overell schemes could be eteble. 

Row, in applying the stability criterion to the problem 

of four independent veriebles, four bese points in en initiel 

hypersurface must be considered.  A net utilising four bese 

points is slmpllcial so the criterion can be epplied.  The four 
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b«ie pointi  define « tetrahedron  in  the Initial hypereurfece 

which if  the domain of dependence  of the finite difference 

•cheme.     The domain of dependence of the partial differential 

equations  ia  the  intersection of the characteristic hypersurface 

(the Mach  hyperconoid)  with  the  initial hypersurface.     If the 

initial hypersurface is a  t*   - constant hypersurface,   the inter- 

section is a sphere or can  be closely approximated with a sphere 

for most reasonable initial hypersurfaces.    Hence,   if  the domain 

of dependence of the finite difference scheme is to contain the 

domain of dependence of the  differential equations,  the  sphere 

must be contained within the tetrahedron.    The modified tetra- 

hedral characteristic line network,  shown in Figure  11 and dis- 

cussed In detail  in Chapter  3,  fulfills the above  requirement  and 

therefore,  should give stable results. 

Previously,   it has been tacitly «ssimed  in characteristic 

calculations  involving three  independent variables    that  inte- 

gration on  the characteristic surface, or at  least along bi- 

characteristic  lines, assures the convergence and stability of 

the process.     This  is not the case.     Care must  be  taken  in 

choosing a net  configuration which is stable and convergent.    The 

Courant-Friedrichs-Lewy condition  can  be employed as a  test for 

stability and convergence of a finite difference network which 

is simplicial,  and it can be argued, physically,   that this pro- 

vides a necessary condition for  the  stability of networks which 

are not simplicial. 
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APPENDIX C 

Program Flov Dia^ra«! md Llitintt 

It   it  felt  that «xacc program liftingt «re mich nor« use- 

ful Chan detailed flow diagrama  in attempting Co duplicate or 

extend exiating computer programa.     Detailed flow diagram! at ill 

require much time and effort  to tranalate them into working com- 

puter programe,  end becauae of their detail,   they are not easy 

to uae  in attempting to understand the broad pattern in the 

program.     Listings, on the other hend, require only keypunching 

to obtain working programs.     For  thia reason,  only a few very 

general  flow diagrams for  the FLDPT,  BDYPT,  and SHKPT aubroutinea 

are included here  to give e general  idea of  the program organiza- 

tion«.    Exact copiea of the  listings are presented to make the 

programs easily reproducible.    These listings ere not in the 

neateat poasible  form, but heve been left  in the exact form to 

which they evolved lr the debugging proceaa.     The  listinga have 

been left  in this form to eliminate the possibility of intro- 

ducing transcriptions errors  in e process of putting them in a 

neeter formet. 

The M.I.T.   Computation Center haa altered its syatem,  so 

that READ,  PRINT,  and PUNCH FORTRAN statement a read and write 

tepea end thus ell input and output  ia done off-line.    XSIMEQF 

is s FAP coded aubprogram availabla on the Computation Center 

Library tape which solves  the matrix equation 

(A)   [X]       -     [•] 
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where A end  B «re given end X if determined.     EXIT it Che  fub- 

routine called to ecconplith e normel  termlnetlon  of the progn 

execution. 

The  flow dlagrami  end  liftings follow in the following 

order: 

Diegrame 

1. Flow Diegrem for the FLDPT end BDTPT Subroutine« 

2. Flow Diagrem for the SHKPT Subroutine 

Lietinit« 

1. Executive Program 

2. SCAN 

3. ADDROW 

4. TRUNET 

5. TINTER 

6. PATCH 

7. FLDPT 

8. SHKPT 

9. BDYPT 

10. Sever«1 XCHANC's 

11. General form of XCHANG 

12. XINTER 

13. ADET 

14. ROEDET 

15. THETA 
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TABLE    I 

RMulti of • Typical Pltld Point C^lcuUtlon 

Input  Point!  (x,  y,   t*   in ft.,  u, v in fpi,  p in ptf,   a  in 
—'      BTU/lbn.   0R) 

lit point 
2nd point 
3rd point 

Ut point 
2nd point 
3rd point 

I 
1.1447676 
1.09399S3 
1.1141122 

874.92389 
727.29974 
648.66292 

1 
0.58913501 
0.S4756027 
0.4953090s 

:'   (U"2000 fpi) 
0.14216991 
0.14148745 
0.14097986 

89/.04218 
923-78306 
849.49358 

E 
6071.4579 
6218.8732 
6405.26 3 

3.1160775 
3.1168170 
3.1169245 

Convrgenct Ttit Vilugs 

PATCH 

0.0001 
Innir  Loop 

0.0001 
Middl» Loop        Ouf r Loop 

0 0000005 0.0001 

Coordinatci of Points Output fro« PATCH 

-1.10T8S52 
-1.0981097 
-1.1279440 

0.55481524 
0.53687342 
0.53764377 

t' 
0.141CT654 
0.14138363 
0.14151682 

Firtt E«tia*t# of thm Coordinaf § 
« I 

-1.1079344 0.5487763 0.1552792 

Firtt Irniir Loop Iteration 

-1.6167161x10 
-4 
-4 -1.5992165x10 Z 

-1.5992875x10"^ 
-1.5992875X10'4 

AZ 
-4 

4.5400817x10 Z 
4.5651031x10'" 
4.5650098x10": 
4.5650102xl0"4 

At' 
-4 

1.1548015x10 I 
1.2058911x10": 
1.2056934x10"* 
1.2056942xl0"4 
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Flrat Middl«  Loop lUault  (no iteration  required) 

* I LL 
-1.1080943 0.5492328 0.1553947 

(Reeiduelf  ell  lees  then 5 x  10"8) 

Firet Outer  Loop Reeult 
 -._ u 

726.8993 912.92059 
£ 

6171.1549 3.1168188 1166.9651 

Second Inner  Loop  Iteretion 
Ax ~      „ A AX Ay 

7.2747^4x10"^   1.218^92x10' 
7.2885107x10'^ 
7.2885356x10'^ 

1.2169935x10 
1.2169902x10 

4 
4 

-4 
-5.29045^1x10 5 
-5-2511849x10'^ 
-5.2511145X10"5 

Second Middle  Loop Result 

-1.10&0214 0.549111! 
t' 

0.1551422 

Second Outer Loop Result 
u 

725.35^34 915.5^06^ 
E 

6175.2055 
s \/u    ± y2 

3.11^8192        1168.05^5 

Third Inner Loop Iteretion 

-5-2475364x10'° 
-5.2465308x10'° 
-5.2465308x10'° 

*1 
8.5396863x10 
8.5410568x10 
6.5410568x10 

-6 
-6 
-6 

Af 
-6 -1.3029714x10 I 

-1.3001144x10'? 
-1.3001143x10'° 

Third Middle Loop Result 

-1.1080266 0.5491 ^491196 0.155^409 

Third Outer  Loop Result 
u 

725T26143        91^.56852 
E • 

6176.1796      3.11^8191 1168.2548 
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Fourth  Inner Loop  Iteration 

Ax 7 
•6.2957Ü56xlO"; 
•6.2954510x10*7 
•6.295^509x10*' 

JÜ9 1.- 9809/8x10*? 
1.5981327x10"? 
1.5981327x10*° 

d&L -7 
2.4695757x10 7 
2.4702034x10*; 
2.4702034x10*' 

Fourth Middle Loop Ratult 

-1.10J0272 0.S4912119 
t' 

0.155F113 

Fourth Outer Loop Reeulte 
u ü E 

725-24378 91^.91642 6176.2986 
/u2 + 

3.1168191   1168.2814 

The teae point wa^ re-calculated with the following Convergence 
Test Values. 

PATCH 

0.00001 

Inner Loop 

0.00001 

Middle Loop 

0.0000001 

Outer Loop 

0.000001 

The coordinates fron PATCH and the first four iterations through 
the outer loop were exactly the same as given above.  Due to the 
decrease of the outer loop convergence test value by a factor of 
100, the outer loop was iterated two more cycles with the follow- 
ing results. 

Fifth Outer Loop Results 

-1.108Ü286 

u 
725-24043 

O.549T2I5 *: 

915.92667 
£ 

6176.3179 

t' 
0.155P"07 

J 2        2 u* -♦- v 
3.11^8191   1T5F7IB74 

Sixth Outer Loop Results 

-1.1010277       0.54912081 

u v p 
725.13881   915.^2730   6176.3199 

f 
0.15514049 

8 
3.11^8191 

^ 
2   2 

1168.2868 

154 



TABLE II 

TIME COORDINATES OP THE TIME SURFACES 

FOR THE FOUR BLUNT BODY CASES 

t - t'/U - t'/^OOO,  t In seconds and t1 In feet 

An asterisk indicates a time surface on which ADDROW 
was used to add points by Interpolation 

Time 
Surface 
Number 

Steady 
Flow 
t« 

Symmetric 
Warping 

t« 

Asymmetric 
Warping 

t» 

Vertical 
Oscillation 

t» 

0 .0 .0 .0 .0 

2 .O858 - .0182 .0858 - .0179 .0858 - .0179 .0858 - .0182 

4 .0455 .0426 .0431 .04520 

6 .1268 - .0645 .12^7 - .0603 ,1239 - .0609 .1273 - .0642 

6 .0930* .0838» 0857 .0912» 

10 .1650 - .1076 .1555 - .0980 .1568 - .1001 .1652 - .1059 

12 .1339 .1202 .1227 .1327 

14 .2033 - .1493 .1884 - .1355 .1899 - .1381 .2045 - .1483 

16 .1756» .1606» .1637* .1744 

18 .2406 - .1888 .2235 - .1744 .2253 - .1774 .2425 - .1905 

20 .2153 .2001 .2028 .2174» 

22 .2372 .2606 - .2145 .2622 - .2172 .2802 - .2309 

24 .2980 - .2513 .2387# .2415» .2569 

26 .2773» .2956 - .2507 .2972 - .2539 .3178 - .2709 

28 .3364 - .2896 .2748 .3519 - .2689 .2968» 

30 .3156 .3301 - . 2872 .2955# .3554 - .3085 

32 .3735 - .3284 .3108 .3489 - .3065 .3359 

34 .3542 .3647 - .3236 .3303 .3940 - .3483 
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TABLE II   (continued) 

.3759* 

^30h -  .3867 

.4124 

.4341 

.4556» 

.5091 -   .4648 

.4904 

.548? -   .5000 

.3469« 

•3986 -   .3573 

.3808 

.4318 -  .3915 

.4146 

.4646 -  .4255 

.4482 

.3824 -   .3416 

.3650 

.4165 -   .3767 

.3997 

.4504 -   .4116 

.4344« 

.4824 -   .4437 

.4663 

.3748 

.4321 -   .3880 

.4140» 

.3690 -   .4243 

.4494 

.5035 - .4601 

.4853 

.5390 -  .4960 

.5214 

.5758 -   .5321 
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Figurt 7    Ttiroh«dro( crtoroc«*f «tic »tiffoc« natvork 
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Figure 9      Prismatic Network of Characteristic Surfaces 
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INITIAL  DATA 

TIME SURFACE 4 

-1.5 -14 -13 -12 -1.1 -1.0 
x/R 

FIGURE 26 PRESSURE ALONG THE AXIS OF SYMMETRY FOR 
STEADY FLOW 
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FIGURE 28(0) 
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FIGURE 29(b) 
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FIGURE  211(c) 

FIGURE 29 BODY SURFACE PRESSURE FOR ASYMMETRIC WARPING 
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